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Abstract 
Unmanned aerial vehicles are ‘small’ flying machines without the need of any pilot and is controlled 

from the ground with the use of a controller with WIFI-connection and is mostly called, drone. Lately 

the drone  become popular due to the growth of the sensor and microprocessor technology, therefore 

the drone is interesting for surveillance e.g. the army, safety for companies or for private purposes to 

guarding houses and many other cases. In the near future, drones will have to cooperate to accomplish 

certain tasks together. This asks for synchronization of drones. In order to start a project width for 

synchronization of multiple drones, there is first the understanding and controlling of a single drone necessary 

to extend this project any further. Therefore this project has the main focus of controlling a single drone to 

maintain hovering. Within this task the mathematical Program MatLab is used. 

In this project the AR. Drone 2.0 from the company Parrot is used and falls under the category 

Quadrotor systems. The Quadrotor is an highly non-linear dynamical system and the derivation of such 

systems are complex due to the four rotors (inputs) and six degrees of freedom. Therefore the Drone 

is known as an underactuated system. After the derivation of the dynamical model there is a linearized 

model developed for the Quadrotor to maintain hovering. To be able to let the Quadrotor hover, there 

is a controller needed that stabilizes the system for the Quadrotor to stay hovering at the given 

position. This controller is implemented into the non-linear model and the simulation results are 

presented. This model is ready for use to implement in the so called software development kit(SDK) 

what is the next stage of controlling a single drone. 

This report gives the non-linear dynamical model of the Quadrotor and a linearized model for the 

Quadrotor for maintaining hovering. The model is set in such a way that it is ready to develop the 

controller for the non-linear dynamical model. The future work of this project is to develop the 

controller and implement the controlled model in the non-linear model before putting the dynamical 

model into the SDK of the Quadrotor.   
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1 Introduction 
Unmanned aerial vehicles are controlled from the ground with the use of a controller with WIFI-

connection and are ‘small’ flying machines without the need of any pilot and is mostly called, drone. 

Lately the drone  become popular due to the growth of the sensor and microprocessor technology, 

therefore the drone is interesting for surveillance e.g. the army, safety for companies or for private 

purposes to guarding houses and many other cases. In the near future, drones will have to cooperate 

to accomplish certain tasks together. This asks for synchronization of drones.  

For this project AR. Drone 2.0 is used and is called from now on Quadrotor. The Quadrotor is a drone 

that exists with four rotors which can differ in speed from each other. This change gives the drone the 

possibility to fly in any direction. The drone has six degrees of freedom (DOF) for translation and 

rotation.  

The goal of this project is to develop a mathematical model that gives the Quadrotor the possibility to 

hover and to prepare the mathematical model to be ready for implementing in the so called software 

development kit(SDK) to control the Quadrotor. Therefore the need to develop a mathematical model 

to describe the motion of the Quadrotor is essential. The model itself is not enough. There is the need 

to develop a controller that stabilizes the Quadrotor at a given position or movement for the purposes  

not to drift away from given manoeuvres.  

In chapter 2 the principles of a Quadrotor drone is discussed with its movements along and around its 

principle axes. In the third chapter the dynamical model for the Quadrotor is derived by the Euler-

Lagrangian method and is compared to a different model that is derived by the Newton-Euler method. 

After the derivation of the dynamical model is known in chapter 4 the linearized model is discussed to 

maintain hovering. In chapter 5 the controller is discussed that linearize the Quadrotor to hover. The 

conclusions are discussed in chapter 6.  
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2  The Quadrotor system 
This chapter gives the general principles of the Quadrotor. This section discusses the possible 

movements and rotation of the Quadrotor around the principle axes. By varying the rotor-speeds, the 

Quadrotor can control the movements and rotations along and around the principle axes in order to 

fly and maintain hovering.  

2.1 What is an Quadrotor and how does it work 
The AR drone 2.0 is a Quadrotor drone and falls under the category of helicopter vehicles. This 
Quadrotor is shown in Figure 1 and a schematic view in Figure 2. A Quadcopter possesses four rotors 
that can deliver a certain thrust force with a certain distance to the center of gravity (cog.) of the 
drone. By varying the speed of these rotors the delivered thrust-forces can be changed. The drone is 
now able to maintain stationary hovering or it is able to fly in a certain direction. By varying the rotor 
speeds the quadrotor is able to pitch(φ), roll(𝜃) and yaw(ψ)  around the x-, y- and z-axes respectively. 
See Figure 2 with the denoted frames of reference and Table 1 for the summary of possible rotations.  
 
Table 1 Rotational movements around the principal axes in the body frame of reference (Rb) 

 
Due to these four rotors (actuators) the Quadrotor is known as an underactuated system because the 
Quadrotor has six degrees of freedom (6-DOF). Therefore, due to four outputs (actuators) and six 
inputs (the 6-DOF), the Quadrotor cannot give an acceleration at any time in a certain direction 
without changing the current dynamic behavior in another degree of freedom, as explained in [1]. 
Conventional helicopters [3] fly due to modifying the lift-force vector in both magnitude and direction. 
This is done by varying rotation speed, angle of blade attack (pitch angle) and cyclic pitch angle (single 
rotor helicopter with tail-rotor to oppose the induced moment) [2]. For the quadrotor, the pitch angle 
is fixed which means the only way to introduce lift-force besides varying rotor speed is by the possible 
deformation of the blades due to 
the air drag. Figure 2 shows the 
quadrotor with thrust forces(F1-F4),  
possible rotary motions(ω1-ω4) and 
the axis-system with orientations 
for the body-frame of the quadrotor 
drone and inertial frame with 
respect to the earth.  
 
 
 

 
 

 
 

  

Rotation Axes rotation in frame Rb 

pitch(φ) Rotation around the principal x-axes 

roll(𝜽) Rotation around the principal y-axes 

yaw(ψ)   Rotation around the principal z-axes 

Figure 1 AR drone 2.0 
Figure 2 Schematic of the Quadrotor drone with inertial frame Ri with 
respect to the earth and inertial frame Rb with respect to the body centre 
of gravity. 
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z 
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Z 
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The following example shows how the drone moves in forward direction (the explanation is also 
applicable for opposite direction): 
 
In order to hover with a drone of the quadrotor type the rotor speeds should increase to move up, or 

keep the rotor speed levelled, to maintain hovering. For flight modes of the quadrotor drone, it is 

necessary to change the rotor speeds of the four rotors. When the rotor speed of the third and fourth 

rotor increases the quadrotor gives a pitch movement towards the ground (diving). Therefore, the 

rotor speeds of the first and second rotor must increase in speed to maintain stable flight (producing 

counter moment). The quadrotor is able to roll if the rotor speed of the second and third rotor 

increases. This causes the quadrotor to flip, for maintaining stable flight it is necessary that the first 

and fourth rotor increases in speed to maintain stable flight. For the change in direction of the 

quadrotor drone (yaw), the rotor speeds of the second and fourth rotors must increase to move the 

fuselage counter clockwise. Therefore, if straight flying is needed, the rotor speed of the first and third 

rotor has to be increased (counter torque).  

In this section the introduction is given about the possible movements of the Quadrotor. The given 

discussion may seem simple in theory but practically there are many factors that has to be taken into 

count to maintain stable flight (e.g. flying in outdoor environment with many obstacles and harsh 

winds)   
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3  Dynamic model of the Quadrotor 
drone derived with the Euler-Lagrangian 
method 
This chapter explains the mathematical model of the Quadrotor in its dynamical behavior. In the first 

section the translational and rotational movement of the quadrotor is discussed, section two gives the 

assumptions made for deriving the mathematical model, followed by the derivation of the non-linear 

equations from the Quadrotor. The end of this chapter gives the summary of the derived equations 

from the quadrotor that represents its dynamical behavior. 

3.1 Inertial and body frame of reference and its relation in 3D 
As mentioned earlier there are two reference frames for the quadrotor, one inertial frame that is fixed 

with respect of the earth denoted as R⃗⃗ 𝑖 and one frame of reference attached to the body in the cog. 

denoted as R⃗⃗ 𝑏. The body of the quadrotor is able to rotate around its axes of orientation. In order to 

describe its movement/behavior, a translation is required from the inertial frame to the body frame. 

Euler-angles and quaternions (Euler-parameters) are two methods that makes this translation 

possible. Euler-angles uses three different fairly intuitive rotations around its principal axes for 

pitching(φ), rolling(𝜃) and yawing(ψ). The use of quaternions is more complex because it involves 

using four parameters with extension to complex numbers to describe the orientation [4,5].  

The Euler angles method has the disadvantage that due to describing the system by angles, 

singularities occur by changing the coordinates when rotating the body frame of reference [5,6]. 

Where the Euler-angles make use of matrices, quaternions make use of four parameters for 

representing the orientation which involves high computational effort. Due to the complexity of 

quaternions this project makes use of the Euler-angle method.  

In order to overcome the mentioned singularities the possible rotations of the Quadrotor have to be 

evaluated. In paragraph 3.4 it becomes clear that the only singularity that could occur is  the rolling 

motion of the Quadrotor with angle (𝜃). Therefore, the domain of (𝜃) is [−
𝜋

2
< 𝜃 <

𝜋

2
] is suitable to 

prevent singularities.  

3.1.1  Translation of the Quadrotor system from inertial frame into body frame 

Generally the origin of the inertial frame differs from the origin of the body frame of the quadrotor as 

already discussed above. In order to  translate the inertial frame into body frame a derivation is set in 

order to obtain a rotation matrix [4]. This is done by the xyz-convention (that is one of the twelve 

possible types of conventions). This means that there is a rotation around the z-axes followed by a 

rotation around the new obtained y-axes and ending with a rotation around the new obtained x-axes. 

This procedure is illustrated in Figure 3 on the following page. 
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It is assumed that, before the quadrotor rotates, the body frame coincides with the inertial frame such 

that R⃗⃗ 𝑏 = R⃗⃗ 𝑖. The first rotation around the z-axes with the yaw(ψ) angle results in a change in the xy-

plane and therefore the location of the z-axes does not change. This is shown in the matrix of 

equation[3.3] by the ‘one’ placed at the zz-location (third row and third column). This is a 3x3 matrix. 

In this derivation, S=sin ,and C=cos. The derivation is given by equations [3.3] till [3.6]. 

 

Rotation around the z-axes: 𝑅1(𝜓) = [

𝐶𝜓 −𝑆𝜓 0

𝑆𝜓 𝐶𝜓 0

0 0 1

].    [3.3] 

The second rotation is around the new y’-axes, the roll (𝜃)-angle. In this situation the location y’-axis 

does not change and there is only a change in coordinates possible in the new x’’z’’-plane. 

Rotation around the y’-axes: 𝑅2(𝜃) = [

𝐶𝜃 0 𝑆𝜃

0 1 0
−𝑆𝜃 0 𝐶𝜃

].    [3.4] 

The last translation is around the new x’’-axis by the pitch(φ)-angle. In this situation the coordinate of 

the x’’-axis does not change and there is only a change in coordinates possible in the new y’’’z’’’-plane. 

Rotation around the x’’-axes: 𝑅3(ϕ) = [

1 0 0
0 𝐶𝜙 −𝑆𝜙

0 𝑆𝜙 𝐶𝜙

].    [3.5] 

After multiplying the matrixes in the listed order (order matters!) the transformed rotation matrix is 

obtained which gives the relative position of a point in the body frame of the quadrotor:  

𝑅 = 𝑅1𝑅2𝑅3 = [

𝐶𝛳𝐶𝜓 𝐶𝜓𝑆𝛳𝑆𝜙 − 𝐶𝜙𝑆𝜓 𝑆𝜙𝑆𝜓 + 𝐶𝜙𝐶𝜓𝑆𝛳

𝐶𝛳𝑆𝜓 𝐶𝜙𝐶𝜓 + 𝑆𝛳𝑆𝜙𝑆𝜓 𝐶𝜙𝑆𝛳𝑆𝜓 − 𝐶𝜓𝑆𝜙

−𝑆𝛳 𝐶𝛳𝑆𝜙 𝐶𝛳𝐶𝜙

].      [3.6] 

With the rotation-matrix in equation [3.6] the translation from the body frame according to the inertial 

frame is set. This rotation-matrix is derived by use of Euler-angles. These Euler-angles can give 

singularities, but due to the given domain for theta, the singularity is prevented.   

  

Figure 3 Rotations of the body frame of the quadrotor. In the first stage a rotation around the z-axes with angle 
ψ result in a coordinate system with z’y’x’-axes. In the second stage a rotation around the new y’-axes with an 
angle ϴ result in a coordinate system z’’y’’x’’-axes. The third rotation around the new x’’-axes with an angle φ 
result in a coordinate system with z’’’y’’’x’’’-axes. 
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3.2 The assumptions made for the mathematical model 
In order to understand the derivation of the mathematical model it is important that the variables 

used in this project for deriving the mathematical model are known. These variables are placed in four 

vectors that represent position (ξ), velocity (V), rotation (η), and angular velocity (ω) in the x-, y-, and 

z-direction. The used vectors are given below. 

ξ = [
x
y
z
] ; V = [

u
v
w

]; η = [
ϕ
θ
ψ

]; ω = [
p
q
r
]; 

The variables and its definitions are listed in Table 2.   
 
 Table 2 Definitions of the twelve variables used to derive the dynamical model of the quadrotor system 

 

There are a few assumptions made to simplify the model that describes the Quadrotor motion and to 

make the model less complex, the following 

 The Quadrotor has a rigid body  

 The Quadrotor has an infinite stiffness (the drone does not deform after applying forces on the 
body) 

 The inertia tensor of the quadrotor is diagonal 

 The thrust forces are linear (The forces  vs. the rotation speed of the rotors) 
 The internal dynamics in the body frame is not changing 

The following points gives further explanation for the made assumptions 

The inertia tensor of the quadrotor is diagonal 

There exists an alignment frame in the body of the Quadrotor that the inertia tensor is diagonal. This 

alignment is, when the inertial frame coincides with the body frame principle axes of inertia [5]. For 

this project it is assumed that the body frame coincides with its principle axes.  

The internal dynamics in the body frame is not changing 

The body of the Quadrotor has an infinite stiffness which means that the body does not deform after 

applying forces at the body. Therefore, due to no internal deformation of the material (structure of 

material stays the same) there is no internal tension of the material resulting in no internal dynamics. 

Variable Definition 

x Position in the x-direction of the inertial frame 𝑅𝑖 

y Position in the y-direction of the inertial frame 𝑅𝑖 

z Position in the z-direction of the inertial frame 𝑅𝑖 

u Velocity in the x-direction of the body frame  𝑅𝑏  

v Velocity in the y-direction of the body frame  𝑅𝑏  

w Velocity in the z-direction of the body frame  𝑅𝑏  

φ Roll angle 

𝜽 Pitch angle 

ψ Yaw angle 

p Body angular velocity (roll) 

q Body angular velocity (pitch) 

r Body angular velocity (yaw) 
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3.3 Dynamics and kinematics of the Quadrotor system 
In this section the derivation of a nonlinear dynamical model is discussed. The derivation in this section 

makes use of the method by Lagrange. The Lagrangian method describes the system (Quadrotor) as 

whole instead of a system where the individual components are described separately (when 

describing it via the Newton approach). The dynamics of the Quadrotor is described by two scalars for 

the kinetic and the potential energy, and the generalized non-conservative forces. These formalism is 

based on the generalized coordinates (q), with q=[ξ’ η’]’1 ϵ R6. Because in this project two frames of 

reference are presented that differ from each other due to the translation and rotational movements 

of the Quadrotor, the system gets a matrix with twelve nonlinear dynamical equations what represent 

the quadrotor with six DOF’s. In order to understand the derivation of the model, the derivation of 

moving/rotating frames in a 3D-plane is represented in Appendix A [7,8] 

As mentioned in paragraph 3.2 the quadrotor has an infinite stiffness and we assume that the 

quadrotor has a rigid body. This makes the derivation of the dynamical behavior of the quadrotor 

easier due to no internal dynamics in the body. 

There are two equations used that give the dynamical behavior of the quadrotor: the Lagrangian form 

equation [3.7] and  the Lagrangian equation of motion [3.8]. The Lagrangian (L) in [3.7] states that the 

energy produced by the Quadrotor is equal to the translational and rotational (kinetic)energy (Ek) 

subtracted with the potential energy (Ep) of the system.   

The Lagrangian equation given in [3.8] is used to obtain the generalized non-conservative forces (𝑓𝜉) 

and moments(𝜏𝜂) (discussed at the end of this paragraph). In order to obtain the non-conservative 

forces and moments, the time derivative is taken of the derivation of the Lagrangian form with respect 

to the generalized coordinates(𝑞̇) subtracted by the derivation of the Lagrangian with respect to the 

generalized coordinates(q) 

L(q, q̇) = Ektrans + Ekrot − Ep         [3.7] 

d

dt
(

∂L

∂q̇i
) − (

∂L

∂qi
) = [

fξ
τη

].         [3.8] 

These two equations are the basis to derive the entire nonlinear dynamical behavior of the quadrotor. 

The following subsections show the derivation of the model 

 Translational kinematics 

 Rotational kinematics 

 Translational dynamics 

 Rotational dynamics 

 Forces acting on the quadrotor 

 Moments acting on the quadrotor 

3.3.1 Translational kinematics 

In order to give the velocities for the translational direction of the quadrotor drone, the rotation matrix 

is multiplied by the velocity vector(V) of R⃗⃗ 𝑏 with respect to R⃗⃗ 𝑖 . Therefore multiplying the velocity 

vector of R⃗⃗ 𝑏 with the rotation matrix (as discussed in paragraph 3.1) gives the translational movement 

of the quadrotor in its body frame with respect to the inertial frame of reference. This is shown in 

equation [3.9] with the vector ub, vb, and wb representing the velocities of the body from the 

                                                           
1 The notation prime ‘ denotes the transposed matrix 
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Quadrotor and the vector ui, vi, and wi representing the velocities at the inertial frame with result of 

the quadrotor velocity with its rotation in equation [3.10] 

[

ui

vi

wi

] = 𝑅 [

ub

vb

wb

],          [3.9] 

 [

ui

vi

wi

] = [

𝐶𝛳𝐶𝜓 𝐶𝜓𝑆𝛳𝑆𝜙 − 𝐶𝜙𝑆𝜓 𝑆𝜙𝑆𝜓 + 𝐶𝜙𝐶𝜓𝑆𝛳

𝐶𝛳𝑆𝜓 𝐶𝜙𝐶𝜓 + 𝑆𝛳𝑆𝜙𝑆𝜓 𝐶𝜙𝑆𝛳𝑆𝜓 − 𝐶𝜓𝑆𝜙

−𝑆𝛳 𝐶𝛳𝑆𝜙 𝐶𝛳𝐶𝜙

] [

ub

vb

wb

].      [3.10] 

3.3.2 Rotational kinematics  

The rotational kinematics describes the rotation of the Quadrotor body frame with respect to the 

inertial frame of reference. In order to do so, the angular velocities have to be equal with the time 

derivative of the vector (η) with the respective transposed rotation((𝑅1, 𝑅2, and 𝑅3) to transform the 

rotation from the inertial frame into the body frame, applied [10]. Because the angular velocity (𝜓) 

has a rotation in the second and third  rotation (𝑅3𝑅2) it has to be multiplied with this rotation. The 

angular velocity (𝜃) has only a rotation in the third rotating frame and therefore needs only to be 

applied on the third rotating frame(𝑅3). The angular velocity (𝜙) exists as a coordinate in the body 

frame and inertial frame of reference and therefore needs no applying of any rotating frame. This is 

given by equation [3.11].  

[
p
q
r
] = [

𝜙̇
0
0

] + 𝑅3
𝑇 [

0
𝜃̇
0
] + 𝑅3

𝑇 ∗ 𝑅2
𝑇 [

0
0
𝜓̇

],       [3.11] 

[
p
q
r
] = [

𝜙̇
0
0

] + [

1 0 0
0 cos (𝜙) sin (𝜙)
0 −sin (𝜙) cos (𝜙)

] [
0
𝜃̇
0
] + [

1 0 0
0 cos(𝜙) sin(𝜙)

0 − sin(𝜙) cos(𝜙)
] [

cos(𝜃) 0 −sin(𝜃)
0 1 0

sin(𝜃) 0 cos(𝜃)
] [

0
0
𝜓̇

], 

[
p
q
r
] = [

1 0 − sin(𝜃)

0 cos (𝜙) sin (𝜙) cos(𝜃)

0 −sin (𝜙) cos (𝜙) cos(𝜃)
] [

𝜙̇

𝜃̇
𝜓̇

].  

     

Therefore, the result of the time derivative of the rotation matrix(𝜉)  in the body frame is given in 

equation[3.12] 

[

𝜙̇

𝜃̇
𝜓̇

] = [

1 sin (𝜙)tan (𝜃) cos (ϕ)tan (𝜃)
0 cos (𝜙) −sin (𝜙)

0
sin (𝜙)

cos (𝜃)

cos (𝜙)

cos (𝜃)

] [
p
q
r
].            [3.12] 

 

3.3.3 Translational dynamics 

The translational dynamics describes the movement of the quadrotor with respect to its acceleration. 

To describe the translational dynamics equation[3.8] is rearranged for the non-conservative forces 

only, see equation [3.13]. In this equation m is the mass of the Quadrotor, g is the gravitational force 

acting on the Quadrotor, e3 is the third column of the rotation matrix, and ξ̈ = [ẍ ÿ z̈]′. 

fξ = mξ̈ + mge3.         [3.13] 
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Solving equation[3.13] for acceleration vector ξ̈ with the total thrust force U1, and adding the 

aerodynamic disturbance vector [Ax Ay Az]’ result in equation[3.15] (taken from[16]) on the next page 

for the acceleration of the Quadrotor in the body frame. 

  

[
𝑥̈
𝑦̈
𝑧̈
] =

[
 
 
 
 
1

m
(cos(ψ) sin(θ) cos(ϕ) + sin(ψ) sin(ϕ))U1 +

Ax

m
1

m
(sin(ψ) sin(θ) cos(ϕ) − cos(ψ) sin(ϕ))U1 +

Ay

m

−g +
1

m
(cos(θ) cos(ϕ))U1 +

Az

m ]
 
 
 
 

.    [3.15] 

3.3.4 Rotational dynamics 

The rotational dynamics describes the rotation of the quadrotor with respect to its angular 

acceleration. In order to do so, equation [3.8] is rearranged for the non-conservative moments only. 

See equation[3.16], where the solution is taken from[16]. 

 η̈ = M(η)−1(τη − C(η, η̇)η̇).        [3.16] 

In equation [3.16] M(η) is the transposed matrix of the first partial derivative of the rotational vector 

ω (Jacobian matrix from equation[3.12], full explanation given in chapter 4) multiplied with the inertia 

tensor(I) and the rotational vector ω (equation[3.12]) in normal state. Equation[3.17] gives the 

formulation. 

 M(η) = ω′Iω.           [3.17] 

In order to describe the inertia tensor, the quadrotor is modelled as one body. Actually the inertia 

tensor of the quadrotor is a 3x3 matrix without any zero elements as can be seen in the first part of 

equation [3.18]. the main diagonal represents the moment of inertia and the other elements outside 

of the main diagonal represents the products of inertia. As mentioned earlier we assume that the 

quadrotor is symmetric about every axes what results in a diagonal matrix as can be seen in the last 

part of equation [3.18] for the Quadrotor. The result of M(η) is given in equation[3.19] 

𝐼 = [

𝐼𝑥𝑥 𝐼𝑦𝑥 𝐼𝑧𝑥
𝐼𝑥𝑦 𝐼𝑦𝑦 𝐼𝑧𝑦
𝐼𝑥𝑧 𝐼𝑦𝑧 𝐼𝑧𝑧

]  𝐼𝑏 = [

𝐼𝑥𝑥 0 0
0 𝐼𝑦𝑦 0

0 0 𝐼𝑧𝑧

].     [3.18] 

 

M(η) = [

Ixx 0 −IxxSθ

0 IyyCϕ
2 + IzzSϕ

2 (Iyy − Izz)CϕSϕCθ

−IxxSθ (Iyy − Izz)CϕSϕCθ IxxSθ
2 + IyySϕ

2Cθ
2 + IzzCϕ

2Cθ
2

].   [3.19] 

The last term in equation[3.16] describes the Coriolis(C). The quadrotor makes use of two frames of 

reference, the body frame and an inertial frame that is fixed with the earth. Normally the two frames 

can rotate separately from each other which causes what is called the Coriolis effect. Due to the little 

difference in rotation from the earth on the Quadrotor it is trivial to neglect the rotation of the earth, 

therefore the Coriolis term is in the body of the Quadrotor and is given in an 3x3 matrix in 

equation[3.20] on the next page, taken from[16]. 
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C(η, η̇) = [

c11 c12 c13

c21 c22 c23

c31 c32 c33

].         [3.20] 

c11 = 0, 

c12 = (Iyy − Izz)(θ̇CϕSϕ + ψ̇Sϕ
2Cθ) + (Izz − Iyy)ψ̇Cϕ

2Cθ − Ixxψ̇Cθ, 

c13 = (Izz − Iyy)ψ̇CϕSϕCθ
2, 

c21 = (Izz − Iyy)(θ̇CϕSϕ + ψ̇Sϕ
2Cθ) + (Iyy − Izz)ψ̇Cϕ

2Cθ + Ixxψ̇Cθ, 

c22 = (Izz − Iyy)ϕ̇CϕSϕ, 

c23 = −Ixxψ̇SθCθ + Iyyψ̇Sϕ
2CθSθ + Izzψ̇Cϕ

2SθCθ, 

c31 = (Iyy − Izz)ψ̇Cθ
2SϕCϕ − Ixxθ̇Cθ, 

c32 = (Izz − Iyy)(θ̇CϕSϕSθ + ϕ̇Sϕ
2Cθ) + (Iyy − Izz)ϕ̇Cϕ

2Cθ + Ixxψ̇SθCθ − Iyyψ̇Sϕ
2CθSθ −

Izzψ̇Cϕ
2SθCθ, 

c33 = (Iyy − Izz)ϕ̇Cθ
2SϕCϕ − Iyyθ̇Sϕ

2CθSθ − Izzθ̇Cϕ
2CθSθ + Ixxθ̇CθSθ. 

 
The dynamical model is at this stage almost derived except for the forces and moments that is 
discussed in the following two subsections. The results from the given equations [3.13] and [3.16] are 
of most importance for describing the quadrotor as a non-linear dynamical system. 

3.3.5 Forces acting on the Quadrotor 

In equation[3.21] the forces are given that act on the body-frame of the Quadrotor. In this equation 

the force(F) is the net result of all the forces acting on the body and the produced thrust force from 

the rotors. Equation [3.21] can be separated in the forces that has to be surmounted in order to flight 

and maintain hovering, denoted by the thrust-forces(Ft) and the external forces, gravitational force(Fg) 

and the drag force(Fd), are the forces that has to be surmounted.  

F = Fg+Ft + Fd.         [3.21] 

The gravitational force in equation[3.21] acts in the negative z-direction of the body-frame of the 

Quadrotor as shown in Figure 2.  The gravitational force is given in equation[3.22]  

Fg = [
0
0

−mg
].          [3.22]   

The thrust forces in figure 2 on page 1 are acting in the positive z-direction (upwards). Therefore  

column(e3) of the rotation matrix as used in equation[3.13] is multiplied with the thrust forces of the 

four rotors, gives the thrust forces acting along the principle axes. This is shown in equation[3.23] with 

the result in equation[3.24].  

Ft = R(e3) [

Ft,x

Ft,y

Ft,z

],         [3.23] 

        

Ft = [

𝑆𝜙𝑆𝜓 + 𝐶𝜙𝐶𝜓𝑆𝛳

𝐶𝜙𝑆𝛳𝑆𝜓 − 𝐶𝜓𝑆𝜙

𝐶𝛳𝐶𝜙

] [

Ft,x

Ft,y

Ft,z

], 

Ft = [

Ft,x(cos(ψ) sin(θ) cos(ϕ) + sin(ψ) sin(ϕ))

Ft,y(sin(ψ) sin(θ) cos(ϕ) − cos(ψ) sin(ϕ))

Ft,z(cos(θ) cos(ϕ))

].     [3.24]  
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From now on the thrust force vector [Ft,x Ft,y Ft,z] is given as U1, this is one of the four main control 

inputs of the system. Further explanation is discussed in chapter 4. 

The aerodynamic drag forces acts on the body frame in the opposite direction of the unit velocity 

vector(
V

|V|
) in the quadrotor body frame. This is given in the following equation[3.24] with (V) the 

velocity vector in the body-frame given in paragraph 3.2. 

F𝑑 = −
1

2
𝑐𝑓𝜌𝐴𝑓𝑉

2 V

|V|
.         [3.24] 

It is assumed that the drag coefficient is constant in Equation[3.24] and therefore proportional to the 

squared fluid angular velocity  given in equation [3.25] for any of the four rotors with k𝑓 being an 

arbitrary constant [3,11,12] 

F𝑑 = k𝑓𝜔𝑖
2.          [3.25] 

From now on the force Fd is presented in the vector [Ax Ay Az]’ in the direction along the axes of the 

body frame. 

3.3.6 Moments acting on the Quadrotor 

The moments acting on the quadrotor can be separated into two parts, namely: the moments 

produced by the four rotors that react on the body of the quadrotor system and the aerodynamic 

torque that is produced by the air fluid. These aerodynamic moments can be separated into three 

parts for torque caused by the drag, gyroscopic torque and torque caused by velocity differences 

between the rotors and the wind-velocity. The result in the end of this subsection shows that the 

aerodynamic moments acting around the z-axes is sufficient enough for this nonlinear dynamical 

model [9].  

The moments produced by the four rotors can easily be combined with an arbitrary constant (kf) for 

drag [3]. This is shown in equation [3.26]-[3.28] here are the forces F similar to the forces F1-F4 shown 

in Figure 2 and multiplied with the distance(l) from the Cog gives the produced torque by the rotors 

around the x-,y-, and z-axes. The other parameters are discussed in the end of this subsection. The 

summation of MFi is produced by the four rotors that produce an torque around the z-axes. 

𝜏𝜙 = 𝑘𝑓(F3 − F1)l         [3.26] 

𝜏𝜃 = 𝑘𝑓(F4 − F2)l         [3.27] 

𝜏𝜓 = −𝛾𝑟 + 𝑘𝑡𝑘𝑓 ∑ MFi
4
𝑖=1         [3.28] 

The amount of drag force is dependent on the shape of the rotor blades and is an second order effect 

[9]. In order to find this second order effect the torque has to be described as a function of the rotor 

angular velocity. This is shown in the end result of the matrix for the whole quadrotor system 

(equation [3.32]). 

Gyroscopic torque is produced by the spinning rotors where this torque moves towards the center of 

the quadrotor that is moving with an angular velocity (𝜔). The torque acting on the centre of mass is 

given in the following equation [3.29] 

Tg = −𝐼𝑧𝑧[𝜔𝑏 × (−𝑒3𝜔1) + 𝜔𝑏 × (−𝑒3𝜔2) + 𝜔𝑏(−𝑒3𝜔3) + 𝜔𝑏(−𝑒3𝜔4)]. [3.29] 
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This is the equation given for the gyroscopic torque where 𝑒3is the z-direction of the body reference 

frame. This formula is simplified in a factor 𝛾𝑟 that reacts around the z-direction of the quadrotor. This 

is given in equation [3.30] (same factor is used in equation [3.28]).  

𝜏𝑑 = (0,0,−𝛾𝑟).         [3.30] 

The last torque that is discussed is the torque by velocity differences. This torque is explained by the 

following [9]: the Quadrotor is moving with a velocity not equal to zero. This means that the air velocity 

at the advancing rotor blades is higher than the receding rotor  blades. This effect causes the thrust 

vectors point of attack on the rotor disk to move from the center and causes the blades to flap. This 

flapping is dependent on angular velocity of the rotor blades and the velocity of the Quadrotor. This 

torque by velocity differences is given in equation [3.31]: 

Tv = −𝛼[𝑉′ × (𝑒3(ωM4 − ωM2 + ωM3 − ωM1))],     [3.31] 

where alpha is a factor depending on the design of the rotor blades and ωMi the respective rotor 

blade. This torque exists in the body of the quadrotor but due to the fact that the torques cancel each 

other out (clockwise rotor blades and counter clockwise rotor blades) due to the symmetry of the 

frame about the velocity factor in the x-, y, and z-plane, equation [3.31] can be neglected and the 

former equations [3.26]-[3.28] and equation [3.30] is used.  

This paragraph showed the derivation of the mathematical model of the Quadrotor by the Euler-

Lagrangian method. This derivation is done in a straight forward way and is extended with the forces 

and moments due to the aerodynamic effects.   

3.4 The dynamical model with thrust forces and aerodynamic forces/moments 
In the former paragraphs the non-linear dynamical model of the Quadrotor is discussed. This model 

uses a inertial frame fixed with the earth and a frame in the body of the Quadrotor. The derivation of 

the model is derived in a straight forward way by using the Euler-Lagrangian method and represents 

the movements of the body frame according to the inertial frame.  As mentioned in paragraph 3.1 the 

domain for (θ) to prevent singularities is set by [−
𝜋

2
< 𝜃 <

𝜋

2
]. 

The dynamical system is given in equation [3.32] on the next page and the definitions of the 

parameters are listed in Table 3. This equation consists of ten rows representing the translational and 

rotational motion of the Quadrotor with 6-DOF. This matrix is set by collecting the results of the former 

subsections in paragraph 3.3. Hereby the non-linear dynamical model of the Quadrotor is derived. 

 

[
 
 
 
 
 
 
 
 
 
 
ẋ
ẏ
ż
ẍ
ÿ
z̈
ϕ̇

θ̇
ψ̇
η̈]
 
 
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
 
 
 
 

ẋ
ẏ
z

1

m
(cos(ψ) sin(θ) cos(ϕ) + sin(ψ) sin(ϕ))U1 +

Ax

m
1

m
(sin(ψ) sin(θ) cos(ϕ) − cos(ψ) sin(ϕ))U1 +

Ay

m

−g +
1

m
(cos(θ) cos(ϕ))U1 +

Az

m

ϕ̇

θ̇
ψ̇

M(η)−1(τη − C(η, η̇)η̇)

̇

]
 
 
 
 
 
 
 
 
 
 
 
 

    [3.32]  
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 Table 3 Variables with the given definitions of the mathematical model of the Quadrotor 

 

The mathematical model in this chapter is derived by the Euler-Lagrangian method as mentioned 

above. This model could also be derived in the Newton-Euler way, this gives the same result as given 

in equation[3.32]. In this report the method by Newton-Euler is not discussed. As can be seen in 

equation[3.33] taken from [12,17] the result is similar to the obtained mathematical model by the 

Euler-Lagrangian method.  

ξ̇ = v           [3.33] 
mv̇ = REz

Tf − mgEz 

Ṙ = RΩ̂ 
IΩ̇ = −Ω × IΩ + τ 
 
The model in equation[3.33] is not extended with the Coriolis-effect and the aerodynamic forces used 

as in equation [3.32]. with 𝜉 = [𝑥 𝑦 𝑧]′ the position of the Cog, v the velocity vector of the Quadrotor 

along the principle axes, REz
 the third column of the rotation matrix, Tf the thrust force, Ω the angular 

velocities, I the inertia tensor, and τ being the torques produced by the propellers aerodynamic drag 

and the distance of the arm length of the Quadrotor. After the derivation of equation[3.33] the result 

lead to the same expression as given in equation[3.32] 

In this chapter the non-linear dynamical model of the Quadrotor is derived by the Euler-Lagrangian 

method. The model given in equation[3.32] with 6-DOF and twelve non-linear dynamical equations 

describes the behavior of the Quadrotor. The fact that the same result obtained by the Newton-Euler 

method as in the Euler-Lagrangian method, gives reliance in the proceeding of this project.   

  

Variable Definition Variable Definition 

ẋ, ẏ, ż Velocities in the body frame U1,U2,U3,U4 Control inputs 

ẍ, ÿ, z̈ Acceleration in the body frame Ax, Ay, Az Aerodynamic disturbances 

ϕ, θ, ψ pitch, rolling and yaw- angle around 
the principle axes of the body frame 

m Mass of the quadrotor  

ϕ̇, θ̇, ψ̇ Angular velocities of the Quadrotor 
around the principle axes of the 
body frame 

g Gravitational constant  

η̈ Angular accelerations of the 
Quadrotor around the principle 
axes of the body frame 
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4 Linearization of the Quadrotor for 
maintaining hovering 
This chapter explains the linearization of the hovering Quadrotor. LTV-systems are systems where the 

output of system differs explicitly on time and is used for e.g.  non-linear systems to linearize around 

a certain operating point, or to follow a certain (optimal) trajectory. An system can be linearized when 

there is a “local”, linear model around an operating point. By using this structured method, the next 

step to control the non-linear model of the Quadrotor can be done comparatively easy. The controlling 

of the linearized model is discussed in chapter 5. 

Before the discussion of the linearization of the hovering Quadrotor, the principles of the method for 

linearization is discussed. To find the linearized system the following equation[4.1] should be derived. 

In this equation the term Ax is the state transition, whit A being the matrix A ϵ Rnxn, derived of the 

non-linear model with respect to variables, and x the difference between the initial values and the 

reference point(s). The Term Bu is the input state, with B being the matrix B ϵ Rnxm, the derived input 

matrix that has to be controlled and u is the difference between the initial input value and the 

reference value. 

ẋ = A∆x + B∆u .         [4.1] 

Equation[4.1] is the result of deriving the non-linear mathematical model of the Quadrotor into a 

system ẋ = f(x, u) into ẋ = f(0,0) = 0. In order to describe this system to be zero, the following is 

true[18,19] 

ẋ̃ = ẋ = f(x, u) = f(x̃ + x∗, ũ + u∗) = f̃(x̃, ũ).      [4.2]  

In equation[4.2] the symbols x̃ and ũ are the initial conditions and the symbols x∗ and u∗ are the 

reference conditions. This equation is not in the proper state to work with, in order to be useful the 

equation has to be derived into a Taylor expansion as shown in equation[4.3] 

ẋ̃ = ẋ = f̃(x̃, ũ) +
𝜕𝑓

𝜕𝑥
(x̃, ũ)∆x +

𝜕𝑓

𝜕𝑢
(x̃, ũ)∆u.      [4.3] 

As described the first term in equation [4.2] and [4.3]  (f(0,0) = 0) is zero. The second term is called 

the state transition form and becomes the A-matrix, and the third term is the input state that becomes 

the B-matrix as shown in equation[4.1]. In reality the form that is given in equation[4.3], has some 

higher order terms but for this matter there is only interest in first order terms, in other words, this 

equation is called the Jacobian of ẋ. The Jacobian is given in matrix form (matrix A and B) and shows 

only the derivation of the first order. The Jacobian matrix used in equation [4.1] is given in 

equation[4.4]  

ẋ =

[
 
 
 
 
 

∂f1

∂x1

∂f1

∂x2
⋯

∂f2

∂x1

∂f2

∂x2
⋯

⋮ ⋮ ⋱

    

∂f1

∂xn

∂f2

∂xn

⋮
∂fm

∂x1

∂fm

∂x2
⋯

∂fm

∂xn]
 
 
 
 
 

∆x +

[
 
 
 
 
 

∂f1

∂u1

∂f1

∂u2
⋯

∂f2

∂u1

∂f2

∂u2
⋯

⋮ ⋮ ⋱

    

∂f1

∂un

∂f2

∂un

⋮
∂fm

∂u1

∂fm

∂u2
⋯

∂fm

∂un]
 
 
 
 
 

∆u.     [4.4] 
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4.1 Linearized models of the Quadrotor   
In this paragraph the linearization of the hovering Quadrotor is discussed. As first the non-linear model 

in matrix form given in equation [3.32] is set in the form given in equation [4.2]. In the second part the 

fixed points are determined to be able to let the Quadrotor hover. In the third and last part derivation 

is applied for the state matrix A and the input matrix B in the following sections 

 Dynamics of the system 

 Fixed point for the hovering Quadrotor 

 Linearization of the state matrix A and the input matrix B 

Dynamics of the system 

In chapter 3 the non-linear dynamical model of the Quadrotor is derived, with result given in 

equation[3.32]. In order to translate this model of the body of the Quadrotor in the proper state, the 

time derivatives has to be set equal to the correct entries of the vector x (observe that the x used here 

is different than the x used for the position of the Quadrotor in x) and the vector U, namely: the state 

vector and the input vector. This is given in equation[4.5] for the state matrix and the input matrix is 

given in equation[4.6] 

[
 
 
 
 
 
 
 
 
 
 
 
x
y
z
ẋ
ẏ
z
ϕ
θ
ψ

ϕ̇

θ̇
ψ̇

̇

]
 
 
 
 
 
 
 
 
 
 
 

= x =

[
 
 
 
 
 
 
 
 
 
 
 

x1

x2

x3

x4

x5

x6

x7

x8

x9

  x10

  x11

  x12]
 
 
 
 
 
 
 
 
 
 
 

 , ẋ = f(x, u) =

[
 
 
 
 
 
 
 
 
 
 
ẋ
ẏ
ż
ẍ
ÿ
z̈
ϕ̇

θ̇
ψ̇
η̈]
 
 
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
 
 
 

x4

x5

x6
1

m
(cos(ψ) sin(θ) cos(ϕ) + sin(ψ) sin(ϕ))U1 +

Ax

m
1

m
(sin(ψ) sin(θ) cos(ϕ) − cos(ψ) sin(ϕ))U1 +

Ay

m

−g +
1

m
(cos(θ) cos(ϕ))U1 +

Az

m
x10

x11

x12

M(η)−1(τη − C(η, η̇)η̇) ]
 
 
 
 
 
 
 
 
 
 
 

.[4.5]

  

U = [

U1

U2

U3

U4

].          [4.6] 

From Equation[4.5] and [4.6], the matrices A and B from equation[4.1] can be derived. For the 

Quadrotor to hover is the assumption made that the velocity of the Quadrotor is zero and therefore 

no acceleration in the translational and rotational modes. In general the ∆x and ∆U vectors of the 

Quadrotor is as follows, see equation[4.7] 
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∆x =

[
 
 
 
 
 
 
 
 
 
 
 
 
x − x∗

y − y∗

z − z∗

ẋ − 0
ẏ − 0
ż − 0
ϕ − 0
θ − 0
ψ − 0

ϕ̇ − 0

θ̇ − 0
ψ̇ − 0]

 
 
 
 
 
 
 
 
 
 
 
 

,  ∆U =

[
 
 
 
U1 − U1

∗

U2 − U2
∗

U3 − U3
∗

U4 − U4
∗]
 
 
 
.      [4.7]      

Fixed point for the hovering Quadrotor 

Equation[4.1] is found with the proper states and can be solved for the situation f(0,0) = 0, solving 

for this solution (x1 up to x12 equal to zero) results in the system with the fixed points (x∗, u∗) for the 

Quadrotor to hover. See equation[4.8] 

f(0,0) =

[
 
 
 
 
 
 −g +

U1+Az

m
U2

Ixx

U3

Iyy

U4

Izz ]
 
 
 
 
 
 

= 0,  [

U1

U2

U3

U4

] = [

mg − Az

0
0
0

] = 0.    [4.8] 

Linearization of the state matrix A and the input matrix B  

The method used to derive the matrix A and B is done with the symbolic toolbox  and the Jacobian 

statement in the MatLab environment. As said in the beginning of this chapter the linearization is done 

with the Jacobian matrix. Therefore the first order derivative is taken from the state and input matrix 

given in equation [4.5]. The state matrix A ϵ R12x12  and B ϵ R4x12. The higher order terms of the 

derivatives are not taken into account. For the state matrix A, the equations are derived with respect 

to x1 up to x12 and for the input matrix B the equations are derived with respect to U1 up to U4. The 

matrix A and B is given in equation[4.9] and [4.10] on the next page respectively. The MatLab code is 

given in Appendix B. 

A =

[
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0
0 0 0
0 0 0

    
1 0 0
0 1 0
0 0 1

    
0 0 0
0 0 0
0 0 0

    
0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

    
0 0 0
0 0 0
0 0 0

    

0
Ax−(Az−mg)

m
0

Ay+(Az−mg)

m
0 0

0 0 0

    
0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

    
0 0 0
0 0 0
0 0 0

    
0 0 0
0 0 0
0 0 0

    
1 0 0
0 1 0
0 0 1

0 0 0
0 0 0
0 0 0

    
0 0 0
0 0 0
0 0 0

    
0 0 0
0 0 0
0 0 0

    
0 0 0
0 0 0
0 0 0 ]

 
 
 
 
 
 
 
 
 
 
 
 

.   [4.9] 
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𝐵 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0
0 0 0
0 0 0

    
0
0
0

0 0 0
0 0 0
1

m
0 0

    
0
0
0

0 0 0
0 0 0
0 0 0

    
0
0
0

0
1

Ixx
0

0 0
1

Iyy

0 0 0

    

0
0
1

Izz]
 
 
 
 
 
 
 
 
 
 
 
 
 

.         [4.10] 

4.2 Concluding remarks to the linearized model 
In this chapter the linearized model for the Quadrotor is derived to be able to hover. First the principles 

of the linearization is discussed followed up with determining the matrix that has to be derived to 

obtain the linearized model. To do so, the fixed points are determined to be able for the Quadrotor to 

hover. After the fixed points are known the linearization is conducted with results of the state matrix 

A and the input matrix B. The derivation of the linearized model is done within the MatLab 

environment. The MatLab code is given in Appendix B. In [20] a slightly different linearization is given 

as derived in this chapter because of the numerical solution. This gives reliance to start with controlling 

the linearized model for the non-linear dynamical system of the Quadrotor in chapter 5.  
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 5 Controlling the Quadrotor for hovering 
In this chapter the controlling of the linearized model as discussed in chapter 4 is discussed. It is 

important to know as a first step if the linearized model as derived for the hovering case is controllable 

or not. This is discussed in paragraph 5.1. After it is shown that the given system is completely 

controllable the controller can be designed for the proper gains to use for stabilizing the linearized 

model. This is discussed in paragraph 5.2 with determining the eigenvalues of the system and the pole-

placements.  

5.1 Controllability of the linearized model  
In order to develop a controller for strongly non-linear dynamical systems as a Quadrotor the non-

linear dynamical system need to be controllable. In the case the system is not controllable the 

linearized model has to be changed in such a way, the system could be controllable. To check if the 

linearized model is controllable whether or not, the controllability matrix E is used with the state 

matrix A and input matrix B of the linearized model , see equation[5.1] 

E = [B AB A2B ⋯An−1B].        [5.1] 

The two matrices A and B with twelve rows is derived in chapter 4 and can be placed in equation[5.1] 

to check if the system is controllable or not. The system is said to be controllable if the controllability 

matrix E is full rank.  

The linearized model in chapter 4 is placed in the controllability matrix E with result that the matrix E 

is full rank, with exceptions Ax − (Az − mg) = 0 and A𝑦 + (Az − mg) = 0.  This means that the 

derived system is completely controllable and therefore a controller can be developed. The 

controllability is checked with the controllability statement within the MatLab environment, see 

Appendix B for the code used in MatLab. 

5.2 Linear controller for stabilizing the linearized model  
In the preceding subparagraph the controllability matrix E shows the linearized model of the 

Quadrotor that is controllable due to the full rank of Matrix E. Therefore it is possible to develop a 

controller to stabilize the Quadrotor system. In order to stabilize the linearized system the x-vector 

needs to go to zero which means the Quadrotor becomes stable and no oscillatory motion is visible, 

therefore the initial value for x becomes equal to the reference value of x∗. 

To determine if the signal need to be enhanced or weakened, the input of the Quadrotor needs to be 

multiplied by the scalar K that represents the gains for the Quadrotor system. The form is given in 

equation[5.2].  

U = −kx,  Ũ = −kx̃.          [5.2] 

It is shown in chapter 3 that the Quadrotor has multiple inputs and multiple outputs (MIMO) therefore 

the following steps must be taken to control the system[22] 

Given (A,B) controllable A ϵ Rnxn , B ϵ Rnxm with m > 1 

1) Find F ϵ Rmx1 and N’ ϵ Rmxn such that (A+BN’  ,  BF) is controllable 
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2) Apply single input pole placement on the system (A+BN’  ,  BF). This gives N” ϵ R1xn such that 

(A+BN’)+(BF)N” the appropriate characteristic polynomial. 

 

3) N=N’+N” 

To determine the values for the gains, the eigenvalues of the linearized model should be determined 

and a given polynomial where the poles has to lie in the plane. In order to be a ‘stable’ system the 

eigenvalues(poles) should be lying in the left-half complex plane.  The eigenvalues are calculated by 

the determinant given in equation[5.3]. with the two matrices as shown in step 2 and K being the gain 

scalar and a variable and solving for λ with the determinant (det) equal to zero gives the proper values 

for the gains one up to twelve (the gain matrix need to be equal to the same amount of entries of 

matrix A).  

det (λI − (A + BN’ − BFK)).        [5.3] 

The poles are chosen to lie at the following place  

(𝜆 + 1)12 = 0          [5.4] 

Solving equation [5.3] and [5.4] together result in the solution for the pole placement with the 

determined gains and the stability of the Quadrotor. See the MatLab code given in Appendix B. 

In order to be a stable system the rule of Lyapunov states[23], if the linearized system is strictly stable 

(i.e., if all eigenvalues of A are strictly in the left-half complex plane), then the equilibrium point is 

asymptotically stable (for the actual non-linear system). If it shown that the eigenvalues are present 

in the left half plane then the gain matrix in combination with the linearized model can be put in to 

the non-linear dynamical model  by using equation[5.5] 

U = U∗ − k(x − x∗).         [5.5] 
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6 Conclusions and recommendations 
Unmanned aerial vehicles are ‘small’ flying machines without the need of any pilot and is controlled 

from the ground with the use of a controller with WIFI-connection and is mostly called, drone. In the 

near future, drones will have to cooperate to accomplish certain tasks together. This asks for synchronization of 

drones. Within this task the mathematical Program MatLab is used. 

This report gives the non-linear dynamical model of the Quadrotor and a linearized model for the 

Quadrotor for maintaining hovering. The model is set in such a way that it is ready to develop the 

controller for the non-linear dynamical model. There are no simulation results, therefore the result of 

the similarity between the non-linear-dynamical model derived in this report and the models used in 

papers with similar research are reliable to proceed in future work. 

The future work of this project is to determine the gains and the poles of the controller and check if 

the system is stable whether or not. After the controller is developed, the implementation of the 

controller into the dynamical model of the Quadrotor can be done and check with simulations if the 

Quadrotor is not drifting away from its given position. If the simulation results proved to be correct, 

the implementation of the Dynamical model into the Software development kit can be done. After the 

implementation, the Quadrotor can fly with the given hovering maneuver.  
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Appendix A 

the derivation of moving/rotating frames in a 3D-plane  
In chapter 3 of this report the derivation of the mathematical model is discussed of the AR Drone 2.0 

what is called a Quadrotor drone. In order to understand the derivation of the model, in this appendix 

the derivation is given for deriving the motion of a mass particle(P) that is shown in Figure A1 [7,8]. In 

Figure A1 R is the position of the origin of the rotating frame according to the origin of the fixed frame, 

and r’ and r are the position of the mass particle(p) according to the fixed frame and rotating frame 

respectively. Omega(ω) denotes the rotation of the system.  

 

 

 

 

 

 

 

 

 

 

The distance from the origin to the mass particle(p) in vector notation is given in equation[A.1] 

𝑟′ = 𝑅 + 𝑟      [A.1] 

In order to represent the position of the mass particle from the fixed frame into the rotating frame is 

the time derivative of the vector r’ in the fixed frame taken what is equal to the time derivative of the 

vector r in the rotating frame and the cross-product of the rotation of the system with vector r, see 

equation [A.2] 

(
𝑑𝑟′

𝑑𝑡
)𝑓 = (

𝑑𝑟

𝑑𝑡
)𝑟 + 𝜔 × 𝑟     [A.2] 

The mass particle is moving from its initial position and has therefore a rate of change with a certain 

velocity according to the fixed frame. Due to the rate of change of the mass particle, there is a 

derivation of the fixed- and rotating frame given in the following equation [A.3] 

𝑣𝑓 = (
𝑑𝑟′

𝑑𝑡
)𝑓  and 𝑣𝑟 = (

𝑑𝑟

𝑑𝑡
)𝑟   [A.3] 

Using equation[A.2] and taking the time derivative of equation[A.1] gives equation [A.4] 

𝑣𝑓 = (
𝑑𝑅

𝑑𝑡
)𝑓 + (

𝑑𝑟

𝑑𝑡
)𝑓 = 𝑉 + 𝑣𝑟 + 𝜔 × 𝑟    [A.4] 

Figure A1 Motion of a particle P in a fixed and rotated 
frame that are related to each other 
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With V as the translational velocity of the rotating frame origin (
𝑑𝑅

𝑑𝑡
)𝑓. Now the velocity of the mass 

particle is known, the same result can be achieved from the derivation of the velocity vector in order 

to obtain the acceleration of the mass particle. This is given in equation[A.5] 

 𝑎𝑓 = (
𝑑𝑣𝑓

𝑑𝑡
)𝑓  and 𝑎𝑟 = (

𝑑𝑣𝑟

𝑑𝑡
)𝑟   [A.5] 

Using equation[A.4] and [A.5] results in the acceleration of mass particle from the fixed frame origin 

𝑎𝑓 = (
𝑑𝑉

𝑑𝑡
)𝑓 + (

𝑑𝑣𝑟

𝑑𝑡
)𝑓 + (

𝑑𝜔

𝑑𝑡
)𝑓 × 𝑟 + 𝜔 × (

𝑑𝑟

𝑑𝑡
)𝑓   [A.6] 

𝑎𝑓 = 𝐴 + 𝑎𝑟 + 𝜔̇ × 𝑟 + 𝜔 × (𝜔 × 𝑟) + 2𝜔 × 𝑣𝑟 + 𝑎𝑟  

With A the translational acceleration of the rotating frame origin (
𝑑𝑉

𝑑𝑡
)𝑓, and 2𝜔 × 𝑣𝑟 is the Coriolis 

term of the equation. It represents the difference between the acceleration of the path the system 

describes and point p [7,8].  

  



25 
 

Appendix B 
This appendix gives the MatLab script that is used to determine the linearized and controllability of 

the Quadrotor drone. This MatLab script is used for the chapters 4 and 5 of this report. 

MatLab script for the linearized model 
clc,clear, close all 

  
syms x_1 x_2 x_3 x_4 x_5 x_6 x_7 x_8 x_9 x_10 x_11 x_12 m g I_xx I_yy I_zz 

A_x A_y A_z u_1 u_2 u_3 u_4 k_f k_t l omega_1 omega_2 omega_3 omega_4 k1 k2 

k3 k4 k5 k6 k7 k8 k9 k10 k11 k12 lambda  

  
f1=x_4; 
f2=x_5; 
f3=x_6; 
f4=(1/m)*(cos(x_9)*sin(x_8)*cos(x_7)+sin(x_9)*sin(x_7))*u_1+((A_x/m)*sin(x_

8)); 
f5=(1/m)*(sin(x_9)*sin(x_8)*cos(x_7)-

cos(x_9)*sin(x_7))*u_1+((A_y/m)*sin(x_7)*cos(x_8)); 
f6=-g+(1/m)*(cos(x_8)*cos(x_7))*u_1+((A_z/m)*cos(x_7)*cos(x_8)); 
f7=x_10; 
f8=x_11; 
f9=x_12; 
f10=((u_2 + x_11*(I_xx*x_12*cos(x_8) - (I_yy - 

I_zz)*(x_12*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_7)) + 

x_12*cos(x_7)^2*cos(x_8)*(I_yy - I_zz)) + 

x_12^2*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - 

I_zz))*(I_yy*I_zz*cos(x_7)^4*cos(x_8)^2 + I_xx*I_yy*cos(x_7)^2*sin(x_8)^2 + 

I_yy*I_zz*cos(x_8)^2*sin(x_7)^4 + I_xx*I_zz*sin(x_7)^2*sin(x_8)^2 + 

2*I_yy*I_zz*cos(x_7)^2*cos(x_8)^2*sin(x_7)^2))/(I_xx*I_yy*I_zz*cos(x_7)^4*c

os(x_8)^2 + I_xx*I_yy*I_zz*cos(x_8)^2*sin(x_7)^4 + 

2*I_xx*I_yy*I_zz*cos(x_7)^2*cos(x_8)^2*sin(x_7)^2) + 

(sin(x_8)*(I_yy*cos(x_7)^2 + I_zz*sin(x_7)^2)*(u_4 + 

x_10*(I_xx*x_11*cos(x_8) - x_12*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - I_zz)) 

- x_12*(I_xx*x_11*cos(x_8)*sin(x_8) - 

I_zz*x_11*cos(x_7)^2*cos(x_8)*sin(x_8) + 

x_10*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - I_zz) - 

I_yy*x_11*cos(x_8)*sin(x_7)^2*sin(x_8)) + x_11*((I_yy - 

I_zz)*(x_10*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_8)*sin(x_7)) - 

x_10*cos(x_7)^2*cos(x_8)*(I_yy - I_zz) - I_xx*x_12*cos(x_8)*sin(x_8) + 

I_zz*x_12*cos(x_7)^2*cos(x_8)*sin(x_8) + 

I_yy*x_12*cos(x_8)*sin(x_7)^2*sin(x_8))))/(I_yy*I_zz*cos(x_7)^4*cos(x_8)^2 

+ I_yy*I_zz*cos(x_8)^2*sin(x_7)^4 + 

2*I_yy*I_zz*cos(x_7)^2*cos(x_8)^2*sin(x_7)^2) - 

(cos(x_7)*sin(x_7)*sin(x_8)*(I_yy - I_zz)*(u_3 - 

x_12*(I_zz*x_12*cos(x_7)^2*cos(x_8)*sin(x_8) - I_xx*x_12*cos(x_8)*sin(x_8) 

+ I_yy*x_12*cos(x_8)*sin(x_7)^2*sin(x_8)) - x_10*(I_xx*x_12*cos(x_8) - (I_yy 

- I_zz)*(x_12*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_7)) + 

x_12*cos(x_7)^2*cos(x_8)*(I_yy - I_zz)) + x_10*x_11*cos(x_7)*sin(x_7)*(I_yy 

- I_zz)))/(I_yy*I_zz*cos(x_8)*sin(x_7)^4 + I_yy*I_zz*cos(x_7)^4*cos(x_8) + 

2*I_yy*I_zz*cos(x_7)^2*cos(x_8)*sin(x_7)^2); 
 

f11=((I_zz*cos(x_7)^2 + I_yy*sin(x_7)^2)*(u_3 - 

x_12*(I_zz*x_12*cos(x_7)^2*cos(x_8)*sin(x_8) - I_xx*x_12*cos(x_8)*sin(x_8) 

+ I_yy*x_12*cos(x_8)*sin(x_7)^2*sin(x_8)) - x_10*(I_xx*x_12*cos(x_8) - (I_yy 

- I_zz)*(x_12*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_7)) + 

x_12*cos(x_7)^2*cos(x_8)*(I_yy - I_zz)) + x_10*x_11*cos(x_7)*sin(x_7)*(I_yy 



26 
 

- I_zz)))/(I_yy*I_zz*cos(x_7)^4 + I_yy*I_zz*sin(x_7)^4 + 

2*I_yy*I_zz*cos(x_7)^2*sin(x_7)^2) - (cos(x_7)*sin(x_7)*(I_yy - I_zz)*(u_4 

+ x_10*(I_xx*x_11*cos(x_8) - x_12*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - 

I_zz)) - x_12*(I_xx*x_11*cos(x_8)*sin(x_8) - 

I_zz*x_11*cos(x_7)^2*cos(x_8)*sin(x_8) + 

x_10*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - I_zz) - 

I_yy*x_11*cos(x_8)*sin(x_7)^2*sin(x_8)) + x_11*((I_yy - 

I_zz)*(x_10*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_8)*sin(x_7)) - 

x_10*cos(x_7)^2*cos(x_8)*(I_yy - I_zz) - I_xx*x_12*cos(x_8)*sin(x_8) + 

I_zz*x_12*cos(x_7)^2*cos(x_8)*sin(x_8) + 

I_yy*x_12*cos(x_8)*sin(x_7)^2*sin(x_8))))/(I_yy*I_zz*cos(x_8)*sin(x_7)^4 + 

I_yy*I_zz*cos(x_7)^4*cos(x_8) + 2*I_yy*I_zz*cos(x_7)^2*cos(x_8)*sin(x_7)^2) 

- (cos(x_7)*sin(x_7)*sin(x_8)*(I_yy - I_zz)*(u_2 + x_11*(I_xx*x_12*cos(x_8) 

- (I_yy - I_zz)*(x_12*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_7)) + 

x_12*cos(x_7)^2*cos(x_8)*(I_yy - I_zz)) + 

x_12^2*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - 

I_zz)))/(I_yy*I_zz*cos(x_8)*sin(x_7)^4 + I_yy*I_zz*cos(x_7)^4*cos(x_8) + 

2*I_yy*I_zz*cos(x_7)^2*cos(x_8)*sin(x_7)^2); 
 

f12=((I_yy*cos(x_7)^2 + I_zz*sin(x_7)^2)*(u_4 + x_10*(I_xx*x_11*cos(x_8) - 

x_12*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - I_zz)) - 

x_12*(I_xx*x_11*cos(x_8)*sin(x_8) - I_zz*x_11*cos(x_7)^2*cos(x_8)*sin(x_8) 

+ x_10*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - I_zz) - 

I_yy*x_11*cos(x_8)*sin(x_7)^2*sin(x_8)) + x_11*((I_yy - 

I_zz)*(x_10*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_8)*sin(x_7)) - 

x_10*cos(x_7)^2*cos(x_8)*(I_yy - I_zz) - I_xx*x_12*cos(x_8)*sin(x_8) + 

I_zz*x_12*cos(x_7)^2*cos(x_8)*sin(x_8) + 

I_yy*x_12*cos(x_8)*sin(x_7)^2*sin(x_8))))/(I_yy*I_zz*cos(x_7)^4*cos(x_8)^2 

+ I_yy*I_zz*cos(x_8)^2*sin(x_7)^4 + 

2*I_yy*I_zz*cos(x_7)^2*cos(x_8)^2*sin(x_7)^2) + (sin(x_8)*(I_yy*cos(x_7)^2 

+ I_zz*sin(x_7)^2)*(u_2 + x_11*(I_xx*x_12*cos(x_8) - (I_yy - 

I_zz)*(x_12*cos(x_8)*sin(x_7)^2 + x_11*cos(x_7)*sin(x_7)) + 

x_12*cos(x_7)^2*cos(x_8)*(I_yy - I_zz)) + 

x_12^2*cos(x_7)*cos(x_8)^2*sin(x_7)*(I_yy - 

I_zz)))/(I_yy*I_zz*cos(x_7)^4*cos(x_8)^2 + I_yy*I_zz*cos(x_8)^2*sin(x_7)^4 

+ 2*I_yy*I_zz*cos(x_7)^2*cos(x_8)^2*sin(x_7)^2) - (cos(x_7)*sin(x_7)*(I_yy - 

I_zz)*(u_3 - x_12*(I_zz*x_12*cos(x_7)^2*cos(x_8)*sin(x_8) - 

I_xx*x_12*cos(x_8)*sin(x_8) + I_yy*x_12*cos(x_8)*sin(x_7)^2*sin(x_8)) - 

x_10*(I_xx*x_12*cos(x_8) - (I_yy - I_zz)*(x_12*cos(x_8)*sin(x_7)^2 + 

x_11*cos(x_7)*sin(x_7)) + x_12*cos(x_7)^2*cos(x_8)*(I_yy - I_zz)) + 

x_10*x_11*cos(x_7)*sin(x_7)*(I_yy - I_zz)))/(I_yy*I_zz*cos(x_8)*sin(x_7)^4 

+ I_yy*I_zz*cos(x_7)^4*cos(x_8) + 

2*I_yy*I_zz*cos(x_7)^2*cos(x_8)*sin(x_7)^2); 

  
u_1_fixed_point=m*g-

(k_f*((omega_1)^2+(omega_2)^2+(omega_3)^2+(omega_4)^2)); 
u_2_fixed_point=k_f*((omega_3)^2-(omega_1)^2)*l; 
u_3_fixed_point=k_f*((omega_4)^2-(omega_2)^2)*l; 
u_4_fixed_point=k_f*k_t*((omega_1)^2-(omega_2)^2+(omega_3)^2-(omega_4)^2); 

  
u=solve(u_1_fixed_point==0, u_2_fixed_point==0, u_3_fixed_point==0, 

u_4_fixed_point==0, omega_1, omega_2, omega_3, omega_4); 

  
u=[u.omega_1 u.omega_2 u.omega_3 u.omega_4]; 

  
A=jacobian([f1 ;f2 ;f3 ;f4 ;f5 ;f6 ;f7 ;f8 ;f9 ;f10 ;f11 ;f12],[x_1 x_2 x_3 

x_4 x_5 x_6 x_7 x_8 x_9 x_10 x_11 x_12]); 
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B=jacobian([f1 ;f2 ;f3 ;f4 ;f5 ;f6 ;f7 ;f8 ;f9 ;f10 ;f11 ;f12],[u_1 u_2 u_3 

u_4]); 

  
A_x=1; 
A_y=1; 
A_z=1; 
m=0.79; 
g=9.81; 
I_xx=0.004; 
I_yy=0.004; 
I_zz=0.0084; 

  
u_1=m*g-A_z; 
u_2=0; 
u_3=0; 
u_4=0; 
x_1=0; 
x_2=0; 
x_3=0; 
x_4=0; 
x_5=0; 
x_6=0; 
x_7=0; 
x_8=0; 
x_9=0; 
x_10=0; 
x_11=0; 
x_12=0; 

  
A_x=1; 
A_y=1; 
A_z=1; 
m=0.79; 
g=9.81; 
I_xx=0.004; 
I_yy=0.004; 
I_zz=0.0084; 

  
A=eval(A) 
B=eval(B) 

  
E=rank(ctrb(A,B)) 

  
% load('Nprime'); 
% load('K'); 

  
Nprime=rand(4,12)*0.01 
K=rand(4,1)*0.01 

  
A_new=A+(B*Nprime) 
B_new=B*K 

  
Z=ctrb(A_new,B_new) 
G=rank(Z) 

  
K_gain=[k1 k2 k3 k4 k5 k6 k7 k8 k9 k10 k11 k12] 

  
Lambda_matrix=lambda*eye(12,12) 
System_matrix=A_new-(B_new*K_gain) 
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Q=det(Lambda_matrix-System_matrix) 
P=expand((lambda+1)^12) 

 
% maxiterations = 100000; 
% maxvalue = 1000; 
% ii = 0; 
% while true 
%     ii = ii + 1; 
%     disp(['iteration ' num2str(ii)]); 
%     K = maxvalue*rand(4,1) - (maxvalue/2)*ones(4,1); 
%     N_ = maxvalue*rand(4,12) - (maxvalue/2)*ones(4,12); 
%     E = A + B*N_; 
%     G = B*K; 
%     test1 = rank(ctrb(E,G)); 
%     ranks(ii) = test1; 
%     if test1 == 12 
%         disp('solution found :'); 
%         E 
%         G 
%         break; 
%     elseif  ii >= maxiterations 
%         disp('loop terminated, no solution found') 
%         disp(['maximum rank found : ' num2str(max(ranks))]); 
%         break; 
%     end 
% end 

 

  



29 
 

Appendix C 

Software development kit of the AR. Drone 2.0  
In this appendix the software development kit (SDK) for implementing the derived model as discussed 

in chapter 3 is discussed. In the first paragraph the description of the SDK is discussed and gives the 

meaning what can be done with the SDK. In the second paragraph the implementation of the 

dynamical of the Quadrotor system for hovering is discussed. 

 

B.1 Description of the software development kit 

The SDK is the environment to develop your own embedded code to control the Quadrotor drone. 

The Quadrotor drone is controlled by use of a controller with WIFI-connection and therefore a router 

on the ground. The Quadrotor system can measure around three degrees of freedom by use of a 

magnetometer on every axis and a pressure sensor to measure altitude on every height. In order to 

program your own embedded code you have to choose on what platform you want to program. The 

Quadrotor supports Linux, Apple, Android, and Windows. An important note for programing your own 

code is that the SDK not support rewriting your own embedded software and no direct access to the 

Quadrotor hardware (sensors/engines) is allowed. 

The input of the Quadrotor that is given, should be in the following domain ϵ [-1,0 ; 1,0] and has to 

implemented as floating point numbers. The input that can be controlled by the user are the following 

 The vertical speed 

 Phi-angle 

 Theta-angle 

 Psi-angle 

In order to allow the user to choose between smooth or dynamic moves, the arguments of this 

features are not directly the control parameters values, but a percentage of the maximum 

corresponding values as set in the drone parameters. In the follow table B.1 are the most important 

configuration parameters listed that can be configured before putting the Quadrotor into practice. 

Table 4 Configuration parameters of the Quadrotor drone 

Max_euler_angle Outdor Indoor/outdoor_control_vzmax 

Max_altitude Flight without shell Indoor/outdoor_control_yaw 

Min_altitude Autonomous flight Flying_mode 

Vzmax [mm/s] Manual_trim Hovering_range 

Control_yaw [rad/s] Indoor/outdoor_euler_angle_max Flight_anim 

 

On the following page is the Drone altitude viewer given that shows the Quadrotor during its operation 

in the sky. This viewer gives you the information for the rotational angles around its principle axes and 

the direction of heading. In this viewer you can give the Quadrotor reference values to allow the 
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Quadrotor to rotate to a given value. Next to insert the reference values is the possibility there to 

insert values for the gains to control the rate, cocarde, altitude and fixed point respectively. 

Figure B1 Drone altitude viewer for watching/changing parameters during flight modes 


