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Abstract

Unmanned aerial vehicles are ‘small’ flying machines without the need of any pilot and is controlled
from the ground with the use of a controller with WIFI-connection and is mostly called, drone. Lately
the drone become popular due to the growth of the sensor and microprocessor technology, therefore
the drone is interesting for surveillance e.g. the army, safety for companies or for private purposes to
guarding houses and many other cases. In the near future, drones will have to cooperate to accomplish
certain tasks together. This asks for synchronization of drones. In order to start a project width for
synchronization of multiple drones, there is first the understanding and controlling of a single drone necessary
to extend this project any further. Therefore this project has the main focus of controlling a single drone to
maintain hovering. Within this task the mathematical Program MatLab is used.

In this project the AR. Drone 2.0 from the company Parrot is used and falls under the category
Quadrotor systems. The Quadrotor is an highly non-linear dynamical system and the derivation of such
systems are complex due to the four rotors (inputs) and six degrees of freedom. Therefore the Drone
is known as an underactuated system. After the derivation of the dynamical model there is a linearized
model developed for the Quadrotor to maintain hovering. To be able to let the Quadrotor hover, there
is a controller needed that stabilizes the system for the Quadrotor to stay hovering at the given
position. This controller is implemented into the non-linear model and the simulation results are
presented. This model is ready for use to implement in the so called software development kit(SDK)
what is the next stage of controlling a single drone.

This report gives the non-linear dynamical model of the Quadrotor and a linearized model for the
Quadrotor for maintaining hovering. The model is set in such a way that it is ready to develop the
controller for the non-linear dynamical model. The future work of this project is to develop the
controller and implement the controlled model in the non-linear model before putting the dynamical
model into the SDK of the Quadrotor.



Table of Contents

LY o1 1 T PP TR U PPV PRTRPRRPROP i
I o i 7= U =S PUSUPURPPNS iv
R 101 o o [¥ ot o] TR T SRS PO UPT PP 1
2 The QUAAIOtOr SYSTEIM ....iiiiiiiiie ettt e et e e e et e e e et e e e e ettt e e e eataeeesasaeeesansaeeeeansseeesassneenan 2
21 What is an Quadrotor and how does it WOIrK.........c.ceveeriiriirniniieeeeeseeseeee e 2

3 Dynamic model of the Quadrotor drone derived with the Euler-Lagrangian method................... 4
3.1 Inertial and body frame of reference and its relation in 3D ........coovcciiiiieeie e, 4
3.1.1 Translation of the Quadrotor system from inertial frame into body frame............... 4

3.2 The assumptions made for the mathematical model...........ccooeciiiiiiciiiiicie e 6
33 Dynamics and kinematics of the QUadrotor SYSteM..........ccecviieiiiiieeeiiee e 7
331 Translational KINEMAtICS .....coiuiiiiiieeie ettt s 7

332 ROtational KiN@MAtiCS ....cevveiiiiiiiie ettt ettt et et e e sabe e 8

333 Translational dYNAMICS ....coiiiiiiii i 8

334 ROtatioNal dyNamICS........uiiiiiiiee ettt e bee e e eree e e e a e e e earaeas 9

3.35 Forces acting on the QUAdIOTOr........cooccuiiii ittt e e e e are e e e 10

3.3.6 Moments acting on the QUAdrotOr.......c..eiiiiciiiiiecieee e 11

3.4 The dynamical model with thrust forces and aerodynamic forces/moments .................... 12

4  Linearization of the Quadrotor for maintaining hovering ..........ccccoecvee e 14
4.1 Linearized models of the QUAAIrOtOr..........ooiiiiiiiiiiieeie et 15
4.2 Concluding remarks to the linearized Model..........c.coooeeiieiiiciiii e 17

5  Controlling the QUAdrotor for NOVEING........cccuviiiiiiiie e e 18
5.1 Controllability of the linearized MOdEl .........cccuveiiiiiiiiii e 18
5.2 Linear controller for stabilizing the linearized model...........cccceeeeciiieicciiee e, 18

6  Conclusions and recoMmMENatioNS. .......cocuiiieiieriente ettt s 20
23] o] Lo = =T o] o1V RSP 21
F Y oY1= o Lo [t PO PPUPRPO: 23
the derivation of moving/rotating frames in @ 3D-plane........c.ccvevvieieeieciecceeceecee e 23

F AN o 01T 0o [ = TSR 25
MatLab script for the linearized MOdel ..........ooouiiiiiiie e e 25

1Y oY T=] o Yo | PPNt 29
Software development kit of the AR. Drone 2.0........coeeviiiieiiiiiie ettt e e ssvre e e esaaee e 29
B.1 Description of the software development Kit..........ccoeecviieeiiiiiie e 29



List of figures

Figure 1

Figure 2

Figure 3

Figure Al

Figure B1

AR Drone 2.0
Homepage Parrot company
http://ardrone2.parrot.com/photos/photo-album/

Schematic of the quadrotor drone with inertial frame R; with respect to the earth and
inertial frame R, with respect to the body central of gravity.

Hanafi D., Simple GUI Wireless Controller of Quadcopter., Scientific research open
access., vol.6 no.1 (2013)

http://file.scirp.org/Html/6-9701701 27464.htm

Rotations of the body frame of the quadrotor. In the first stage a rotation around the
z-axes with angle  result in a coordinate system with z'y’x’-axes. In the second stage
a rotation around the new y’-axes with an angle © result in a coordinate system

2.,01.,07

Z'y’x"’-axes. The third rotation around the new x’’-axes with an angle ¢ result in a
coordinate system with z’”’y""’x’”’-axes.
Bekir E., HIS Engineering 360

http://www.globalspec.com/reference/49379/203279/3-3-euler-angles

Motion of a particle P in a fixed and rotated frame that are related to each other.,
Brizard A.J., Motion in a non-inertial frame-Dartmouth college., Saint michael’s
college., July-7, 2007

http://www.dartmouth.edu/~phys44/lectures/Chap 6.pdf

Drone altitude viewer for watching/changing parameters during flight modes.
ARDrone_Developer_Guide, Parrot AR. Drone 2.0 homepage.


http://ardrone2.parrot.com/photos/photo-album/
http://file.scirp.org/Html/6-9701701_27464.htm
file:///E:/TU%20Eindhoven/SEP/Figuren
http://www.dartmouth.edu/~phys44/lectures/Chap_6.pdf

1 Introduction

Unmanned aerial vehicles are controlled from the ground with the use of a controller with WIFI-
connection and are ‘small’ flying machines without the need of any pilot and is mostly called, drone.
Lately the drone become popular due to the growth of the sensor and microprocessor technology,
therefore the drone is interesting for surveillance e.g. the army, safety for companies or for private
purposes to guarding houses and many other cases. In the near future, drones will have to cooperate
to accomplish certain tasks together. This asks for synchronization of drones.

For this project AR. Drone 2.0 is used and is called from now on Quadrotor. The Quadrotor is a drone
that exists with four rotors which can differ in speed from each other. This change gives the drone the
possibility to fly in any direction. The drone has six degrees of freedom (DOF) for translation and
rotation.

The goal of this project is to develop a mathematical model that gives the Quadrotor the possibility to
hover and to prepare the mathematical model to be ready for implementing in the so called software
development kit(SDK) to control the Quadrotor. Therefore the need to develop a mathematical model
to describe the motion of the Quadrotor is essential. The model itself is not enough. There is the need
to develop a controller that stabilizes the Quadrotor at a given position or movement for the purposes
not to drift away from given manoeuvres.

In chapter 2 the principles of a Quadrotor drone is discussed with its movements along and around its
principle axes. In the third chapter the dynamical model for the Quadrotor is derived by the Euler-
Lagrangian method and is compared to a different model that is derived by the Newton-Euler method.
After the derivation of the dynamical model is known in chapter 4 the linearized model is discussed to
maintain hovering. In chapter 5 the controller is discussed that linearize the Quadrotor to hover. The
conclusions are discussed in chapter 6.



2 The Quadrotor system

This chapter gives the general principles of the Quadrotor. This section discusses the possible
movements and rotation of the Quadrotor around the principle axes. By varying the rotor-speeds, the
Quadrotor can control the movements and rotations along and around the principle axes in order to
fly and maintain hovering.

2.1  What is an Quadrotor and how does it work

The AR drone 2.0 is a Quadrotor drone and falls under the category of helicopter vehicles. This
Quadrotor is shown in Figure 1 and a schematic view in Figure 2. A Quadcopter possesses four rotors
that can deliver a certain thrust force with a certain distance to the center of gravity (cog.) of the
drone. By varying the speed of these rotors the delivered thrust-forces can be changed. The drone is
now able to maintain stationary hovering or it is able to fly in a certain direction. By varying the rotor
speeds the quadrotor is able to pitch(¢), roll(8) and yaw(l)) around the x-, y- and z-axes respectively.
See Figure 2 with the denoted frames of reference and Table 1 for the summary of possible rotations.

Table 1 Rotational movements around the principal axes in the body frame of reference (Rp)

Rotation Axes rotation in frame R,

pitch(d) Rotation around the principal x-axes
roll(@) Rotation around the principal y-axes
yaw() Rotation around the principal z-axes

Due to these four rotors (actuators) the Quadrotor is known as an underactuated system because the
Quadrotor has six degrees of freedom (6-DOF). Therefore, due to four outputs (actuators) and six
inputs (the 6-DOF), the Quadrotor cannot give an acceleration at any time in a certain direction
without changing the current dynamic behavior in another degree of freedom, as explained in [1].
Conventional helicopters [3] fly due to modifying the lift-force vector in both magnitude and direction.
This is done by varying rotation speed, angle of blade attack (pitch angle) and cyclic pitch angle (single
rotor helicopter with tail-rotor to oppose the induced moment) [2]. For the quadrotor, the pitch angle
is fixed which means the only way to introduce lift-force besides varying rotor speed is by the possible
deformation of the blades due to

the air drag. Figure 2 shows the

quadrotor with thrust forces(Fi-Fa4),

possible rotary motions(w:-ws4) and

the axis-system with orientations

for the body-frame of the quadrotor

drone and inertial frame with

respect to the earth.

Figure 2 Schematic of the Quadrotor drone with inertial frame R; with
respect to the earth and inertial frame R, with respect to the body centre
of gravity.

Figure 1 AR drone 2.0



The following example shows how the drone moves in forward direction (the explanation is also
applicable for opposite direction):

In order to hover with a drone of the quadrotor type the rotor speeds should increase to move up, or
keep the rotor speed levelled, to maintain hovering. For flight modes of the quadrotor drone, it is
necessary to change the rotor speeds of the four rotors. When the rotor speed of the third and fourth
rotor increases the quadrotor gives a pitch movement towards the ground (diving). Therefore, the
rotor speeds of the first and second rotor must increase in speed to maintain stable flight (producing
counter moment). The quadrotor is able to roll if the rotor speed of the second and third rotor
increases. This causes the quadrotor to flip, for maintaining stable flight it is necessary that the first
and fourth rotor increases in speed to maintain stable flight. For the change in direction of the
quadrotor drone (yaw), the rotor speeds of the second and fourth rotors must increase to move the
fuselage counter clockwise. Therefore, if straight flying is needed, the rotor speed of the first and third
rotor has to be increased (counter torque).

In this section the introduction is given about the possible movements of the Quadrotor. The given
discussion may seem simple in theory but practically there are many factors that has to be taken into
count to maintain stable flight (e.g. flying in outdoor environment with many obstacles and harsh
winds)



3 Dynamic model of the Quadrotor
drone derived with the Euler-Lagrangian
method

This chapter explains the mathematical model of the Quadrotor in its dynamical behavior. In the first
section the translational and rotational movement of the quadrotor is discussed, section two gives the
assumptions made for deriving the mathematical model, followed by the derivation of the non-linear
equations from the Quadrotor. The end of this chapter gives the summary of the derived equations
from the quadrotor that represents its dynamical behavior.

3.1 Inertial and body frame of reference and its relation in 3D

As mentioned earlier there are two reference frames for the quadrotor, one inertial frame that is fixed
with respect of the earth denoted as _R)l- and one frame of reference attached to the body in the cog.
denoted as ﬁb. The body of the quadrotor is able to rotate around its axes of orientation. In order to
describe its movement/behavior, a translation is required from the inertial frame to the body frame.
Euler-angles and quaternions (Euler-parameters) are two methods that makes this translation
possible. Euler-angles uses three different fairly intuitive rotations around its principal axes for
pitching(d), rolling(#) and yawing(). The use of quaternions is more complex because it involves
using four parameters with extension to complex numbers to describe the orientation [4,5].

The Euler angles method has the disadvantage that due to describing the system by angles,
singularities occur by changing the coordinates when rotating the body frame of reference [5,6].
Where the Euler-angles make use of matrices, quaternions make use of four parameters for
representing the orientation which involves high computational effort. Due to the complexity of
guaternions this project makes use of the Euler-angle method.

In order to overcome the mentioned singularities the possible rotations of the Quadrotor have to be
evaluated. In paragraph 3.4 it becomes clear that the only singularity that could occur is the rolling

motion of the Quadrotor with angle (6). Therefore, the domain of (6) is [—g <8< %] is suitable to

prevent singularities.

Generally the origin of the inertial frame differs from the origin of the body frame of the quadrotor as
already discussed above. In order to translate the inertial frame into body frame a derivation is set in
order to obtain a rotation matrix [4]. This is done by the xyz-convention (that is one of the twelve
possible types of conventions). This means that there is a rotation around the z-axes followed by a
rotation around the new obtained y-axes and ending with a rotation around the new obtained x-axes.
This procedure is illustrated in Figure 3 on the following page.
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Figure 3 Rotations of the body frame of the quadrotor. In the first stage a rotation around the z-axes with angle

2,07

Y result in a coordinate system with z’y’x’-axes. In the second stage a rotation around the new y’-axes with an

22,020,071

angle © result in a coordinate system z”’y”’x’’-axes. The third rotation around the new x”’-axes with an angle ¢

110,000,077

result in a coordinate system with z””’y””’x’”’-axes.

Itis assumed that, before the quadrotor rotates, the body frame coincides with the inertial frame such
that ﬁb = ﬁi. The first rotation around the z-axes with the yaw({) angle results in a change in the xy-
plane and therefore the location of the z-axes does not change. This is shown in the matrix of
equation[3.3] by the ‘one’ placed at the zz-location (third row and third column). This is a 3x3 matrix.
In this derivation, S=sin ,and C=cos. The derivation is given by equations [3.3] till [3.6].

Cy —Sy O
Rotation around the z-axes: Ri(Y) = [51/) Cy 0]. [3.3]
0 0 1

The second rotation is around the new y’-axes, the roll (8)-angle. In this situation the location y’-axis

does not change and there is only a change in coordinates possible in the new x"’z”’-plane.
Co 0 Sy
Rotation around the y’-axes:  R,(6) = [ 0 1 0 ] [3.4]
—Se 0 Gy

The last translation is around the new x"’-axis by the pitch(d)-angle. In this situation the coordinate of

2070717

the x”’-axis does not change and there is only a change in coordinates possible in the new y’”’z’”’-plane.

1 0 0
Rotation around the x”-axes:  Rs($p) =0 Cp —Sp|. [3.5]
0 Sy Cp

After multiplying the matrixes in the listed order (order matters!) the transformed rotation matrix is
obtained which gives the relative position of a point in the body frame of the quadrotor:

CoCyp  CySoSp—CpSp  SeSy+ CpCySo
—Se CoSy CoCy

With the rotation-matrix in equation [3.6] the translation from the body frame according to the inertial
frame is set. This rotation-matrix is derived by use of Euler-angles. These Euler-angles can give
singularities, but due to the given domain for theta, the singularity is prevented.



3.2 The assumptions made for the mathematical model

In order to understand the derivation of the mathematical model it is important that the variables
used in this project for deriving the mathematical model are known. These variables are placed in four
vectors that represent position (), velocity (V), rotation (n), and angular velocity (w) in the x-, y-, and
z-direction. The used vectors are given below.

S e

The variables and its definitions are listed in Table 2.

Table 2 Definitions of the twelve variables used to derive the dynamical model of the quadrotor system

VELGELIE Definition

Position in the x-direction of the inertial frame R;
Position in the y-direction of the inertial frame R;
Position in the z-direction of the inertial frame R;
Velocity in the x-direction of the body frame R,
Velocity in the y-direction of the body frame R},
Velocity in the z-direction of the body frame R,
Roll angle

Pitch angle

Yaw angle

Body angular velocity (roll)

Body angular velocity (pitch)

Body angular velocity (yaw)

S le|ole|lole|s|<|s|N|<|x

There are a few assumptions made to simplify the model that describes the Quadrotor motion and to
make the model less complex, the following

e The Quadrotor has a rigid body

e The Quadrotor has an infinite stiffness (the drone does not deform after applying forces on the
body)

e The inertia tensor of the quadrotor is diagonal

® The thrust forces are linear (The forces vs. the rotation speed of the rotors)

e The internal dynamics in the body frame is not changing

The following points gives further explanation for the made assumptions

The inertia tensor of the quadrotor is diagonal

There exists an alignment frame in the body of the Quadrotor that the inertia tensor is diagonal. This
alignment is, when the inertial frame coincides with the body frame principle axes of inertia [5]. For
this project it is assumed that the body frame coincides with its principle axes.

The internal dynamics in the body frame is not changing

The body of the Quadrotor has an infinite stiffness which means that the body does not deform after
applying forces at the body. Therefore, due to no internal deformation of the material (structure of
material stays the same) there is no internal tension of the material resulting in no internal dynamics.



3.3 Dynamics and kinematics of the Quadrotor system

In this section the derivation of a nonlinear dynamical model is discussed. The derivation in this section
makes use of the method by Lagrange. The Lagrangian method describes the system (Quadrotor) as
whole instead of a system where the individual components are described separately (when
describing it via the Newton approach). The dynamics of the Quadrotor is described by two scalars for
the kinetic and the potential energy, and the generalized non-conservative forces. These formalism is
based on the generalized coordinates (q), with q=[€’ n’]’* € R®. Because in this project two frames of
reference are presented that differ from each other due to the translation and rotational movements
of the Quadrotor, the system gets a matrix with twelve nonlinear dynamical equations what represent
the quadrotor with six DOF’s. In order to understand the derivation of the model, the derivation of
moving/rotating frames in a 3D-plane is represented in Appendix A [7,8]

As mentioned in paragraph 3.2 the quadrotor has an infinite stiffness and we assume that the
quadrotor has a rigid body. This makes the derivation of the dynamical behavior of the quadrotor
easier due to no internal dynamics in the body.

There are two equations used that give the dynamical behavior of the quadrotor: the Lagrangian form
equation [3.7] and the Lagrangian equation of motion [3.8]. The Lagrangian (L) in [3.7] states that the
energy produced by the Quadrotor is equal to the translational and rotational (kinetic)energy (Ex)
subtracted with the potential energy (E,) of the system.

The Lagrangian equation given in [3.8] is used to obtain the generalized non-conservative forces (f¢)
and moments(7,) (discussed at the end of this paragraph). In order to obtain the non-conservative
forces and moments, the time derivative is taken of the derivation of the Lagrangian form with respect
to the generalized coordinates(q) subtracted by the derivation of the Lagrangian with respect to the
generalized coordinates(q)

L(q, @) = Extrans + Exrot — Ep (3.7]

d (oL oL\ _ [fe

G -G =|c) 3.8]

These two equations are the basis to derive the entire nonlinear dynamical behavior of the quadrotor.
The following subsections show the derivation of the model

e Translational kinematics

e Rotational kinematics

e Translational dynamics

e Rotational dynamics

e Forces acting on the quadrotor

e Moments acting on the quadrotor

In order to give the velocities for the translational direction of the quadrotor drone, the rotation matrix
is multiplied by the velocity vector(V) of ﬁb with respect to ﬁi . Therefore multiplying the velocity

vector of ﬁb with the rotation matrix (as discussed in paragraph 3.1) gives the translational movement
of the quadrotor in its body frame with respect to the inertial frame of reference. This is shown in
equation [3.9] with the vector up, vb, and w, representing the velocities of the body from the

1 The notation prime ‘ denotes the transposed matrix



Quadrotor and the vector u;, vi, and w; representing the velocities at the inertial frame with result of
the quadrotor velocity with its rotation in equation [3.10]

Uj Uy
Vi|=R|Vb|, [3.9]
Wi Wy

Vil = C95¢ C¢C¢ + SGS¢S¢ C¢S@S¢ - C¢S¢ Vp |.
wil | =S, CoSy CoCy Wp

[ui] CoCy  CySoSe — CpSy  SpSy + CCySo [ub]
[3.10]

The rotational kinematics describes the rotation of the Quadrotor body frame with respect to the
inertial frame of reference. In order to do so, the angular velocities have to be equal with the time
derivative of the vector (n) with the respective transposed rotation((R4, R,, and R3) to transform the
rotation from the inertial frame into the body frame, applied [10]. Because the angular velocity ()
has a rotation in the second and third rotation (R3R;) it has to be multiplied with this rotation. The
angular velocity (8) has only a rotation in the third rotating frame and therefore needs only to be
applied on the third rotating frame(R3). The angular velocity (¢) exists as a coordinate in the body
frame and inertial frame of reference and therefore needs no applying of any rotating frame. This is
given by equation [3.11].

D1 [] 0 0

q|=|o|+RI|6|+ RS *RI|0]|, [3.11]
rl 1ol 0 Y

P [¢] [1 0 0 01 1 0 0 cos(f) 0 —sin(8)]1[0
q|=[o|+|0 cos(¢) sin(@)||6[+|0 cos(¢) Sin(¢)” 0 1 0 ”Q],
r [0l L0 —sin(¢) cos(¢p)llo 0 —sin(¢p) cos(¢p)llsin(8) 0 cos(8) Iy
1 [1 0 —sin(6) ¢

q| =10 cos(¢p) sin(¢)cos(8)||a]|.

1] 0

—sin(¢) cos(¢) cos(8)] [

Therefore, the result of the time derivative of the rotation matrix(¢) in the body frame is given in
equation[3.12]

é 1 sin(¢)tan(6) cos(¢Pp)tan(8) D

al=10 cos(¢) —sin(¢) | fq]. [3.12]
, 0 sin(¢) cos(¢) r
l»b cos(6) cos(6)

The translational dynamics describes the movement of the quadrotor with respect to its acceleration.
To describe the translational dynamics equation[3.8] is rearranged for the non-conservative forces
only, see equation [3.13]. In this equation m is the mass of the Quadrotor, g is the gravitational force
acting on the Quadrotor, e; is the third column of the rotation matrix, and E =[x vy Z].

fe = mé + mges. [3.13]



Solving equation[3.13] for acceleration vector E with the total thrust force U;, and adding the
aerodynamic disturbance vector [A« A, A;]’ result in equation[3.15] (taken from[16]) on the next page
for the acceleration of the Quadrotor in the body frame.

[i (cos(YP) sin(B) cos(d) + sin(YP) sin(d))U; + %
= i(sin(tp) sin(0) cos(¢d) — cos(P) sin(Pp))U; + % . [3.15]
—g+ i(cos(e) cos(d))U; + %

The rotational dynamics describes the rotation of the quadrotor with respect to its angular
acceleration. In order to do so, equation [3.8] is rearranged for the non-conservative moments only.
See equation[3.16], where the solution is taken from[16].

ij = M()~* (t,; — C(n, ). [3.16]

In equation [3.16] M(n) is the transposed matrix of the first partial derivative of the rotational vector
w (Jacobian matrix from equation[3.12], full explanation given in chapter 4) multiplied with the inertia
tensor(l) and the rotational vector w (equation[3.12]) in normal state. Equation[3.17] gives the
formulation.

M) = o'lw. (3.17]

In order to describe the inertia tensor, the quadrotor is modelled as one body. Actually the inertia
tensor of the quadrotor is a 3x3 matrix without any zero elements as can be seen in the first part of
equation [3.18]. the main diagonal represents the moment of inertia and the other elements outside
of the main diagonal represents the products of inertia. As mentioned earlier we assume that the
guadrotor is symmetric about every axes what results in a diagonal matrix as can be seen in the last
part of equation [3.18] for the Quadrotor. The result of M(n) is given in equation[3.19]

L Iyx Iox L, O 0
I=|ly Ly I S L,=(0 L, O] [3.18]
Lz lyz g 0 0 I,
Lxx 0 —ILSo
2 2
M =| 0 lyyCo + 12254 (yy = 122)CoSeCo . [3.19]

—IixSe  (Iyy = 1,2)CeSpCo  IxxS§ + IyyS5Ch + 1,,C4Ch

The last term in equation[3.16] describes the Coriolis(C). The quadrotor makes use of two frames of
reference, the body frame and an inertial frame that is fixed with the earth. Normally the two frames
can rotate separately from each other which causes what is called the Coriolis effect. Due to the little
difference in rotation from the earth on the Quadrotor it is trivial to neglect the rotation of the earth,
therefore the Coriolis term is in the body of the Quadrotor and is given in an 3x3 matrix in
equation[3.20] on the next page, taken from[16].



C11 Ci2 C13]
[3.20]

Cm,m) = [C21 C22  C23|.
C31 C32 Cz3
¢ =0,
c12 = (Iyy = Iz)(8C4Sp + WS3Co) + (I — 1y )UC3Co — LixPCo,
C13 = (Izz - Iyy)ljJCq)Sq,Cg,
c21 = (I = lyy ) (6CoSe + WSECo) + (Iyy — Lz )WCECo + LiCo,
2z = (I = Iyy)d)ccbsdw
Ca3 = —LixSeCo + LyyWS3 CoSe + 1,,1C3SeCa,
C31 = (Iyy - IZZ)LbC(%Sd)Cd) - IXXéCe’
c32 = (I = lyy) (6C¢SeSe + $S§Co) + (Iyy — 12) PCGCo + LixiSoCo — lyyWSECoSe —
Izzli"cczpsecef
C33 = (Iyy — IZZ)(j)CéSq)C(b - IyyéSéCGSe - lzzécécese + Ixxécese'

The dynamical model is at this stage almost derived except for the forces and moments that is
discussed in the following two subsections. The results from the given equations [3.13] and [3.16] are
of most importance for describing the quadrotor as a non-linear dynamical system.

In equation[3.21] the forces are given that act on the body-frame of the Quadrotor. In this equation
the force(F) is the net result of all the forces acting on the body and the produced thrust force from
the rotors. Equation [3.21] can be separated in the forces that has to be surmounted in order to flight
and maintain hovering, denoted by the thrust-forces(F:) and the external forces, gravitational force(F,)
and the drag force(Fq), are the forces that has to be surmounted.

F = Fg+F, + Fq. [3.21]

The gravitational force in equation[3.21] acts in the negative z-direction of the body-frame of the
Quadrotor as shown in Figure 2. The gravitational force is given in equation[3.22]

0
Fg=[ 0 ] [3.22]
“mg

The thrust forces in figure 2 on page 1 are acting in the positive z-direction (upwards). Therefore
column(es) of the rotation matrix as used in equation[3.13] is multiplied with the thrust forces of the
four rotors, gives the thrust forces acting along the principle axes. This is shown in equation[3.23] with
the result in equation[3.24].

Ft,x
Fe = R(e3) [Fey|, [3.23]
Fiz

Ft = C¢SQS¢ - C¢S¢ Ft,y ,

S¢Sy + c¢c¢59] lFtIX
Ce C¢ Ft,Z

Fox(cos() sin(8) cos(¢) + sin() sin(¢))
Fy = |Fey (sin(W) sin(8) cos() — cos() sin(@)) . [3.24]
Fr,(cos(8) cos(¢)
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From now on the thrust force vector [Fyy Fiy Fi,] is given as Uy, this is one of the four main control
inputs of the system. Further explanation is discussed in chapter 4.

The aerodynamic drag forces acts on the body frame in the opposite direction of the unit velocity
vector(%) in the quadrotor body frame. This is given in the following equation[3.24] with (V) the

velocity vector in the body-frame given in paragraph 3.2.

v

o [3.24]

_ 1 2
Fd = 2 CprfV
It is assumed that the drag coefficient is constant in Equation[3.24] and therefore proportional to the
squared fluid angular velocity given in equation [3.25] for any of the four rotors with ks being an

arbitrary constant [3,11,12]

From now on the force Fq is presented in the vector [A« A, A;]’ in the direction along the axes of the
body frame.

The moments acting on the quadrotor can be separated into two parts, namely: the moments
produced by the four rotors that react on the body of the quadrotor system and the aerodynamic
torque that is produced by the air fluid. These aerodynamic moments can be separated into three
parts for torque caused by the drag, gyroscopic torque and torque caused by velocity differences
between the rotors and the wind-velocity. The result in the end of this subsection shows that the
aerodynamic moments acting around the z-axes is sufficient enough for this nonlinear dynamical
model [9].

The moments produced by the four rotors can easily be combined with an arbitrary constant (k¢) for
drag [3]. This is shown in equation [3.26]-[3.28] here are the forces F similar to the forces Fi-F4 shown
in Figure 2 and multiplied with the distance(l) from the Cog gives the produced torque by the rotors
around the x-,y-, and z-axes. The other parameters are discussed in the end of this subsection. The
summation of Mg is produced by the four rotors that produce an torque around the z-axes.

79 = kp(Fy — F)I [3.27]
Ty = —y7 + kekp Xio g M [3.28]

The amount of drag force is dependent on the shape of the rotor blades and is an second order effect
[9]. In order to find this second order effect the torque has to be described as a function of the rotor
angular velocity. This is shown in the end result of the matrix for the whole quadrotor system
(equation [3.32]).

Gyroscopic torque is produced by the spinning rotors where this torque moves towards the center of
the quadrotor that is moving with an angular velocity (w). The torque acting on the centre of mass is
given in the following equation [3.29]

Ty = —lpzz[wp X (—e3w1) + wp X (—e3w3) + wp(—e3w3) + wp(—ezw,)]. [3.29]

11



This is the equation given for the gyroscopic torque where ezis the z-direction of the body reference
frame. This formula is simplified in a factor yr that reacts around the z-direction of the quadrotor. This
is given in equation [3.30] (same factor is used in equation [3.28]).

7z = (0,0, —yr). [3.30]

The last torque that is discussed is the torque by velocity differences. This torque is explained by the
following [9]: the Quadrotor is moving with a velocity not equal to zero. This means that the air velocity
at the advancing rotor blades is higher than the receding rotor blades. This effect causes the thrust
vectors point of attack on the rotor disk to move from the center and causes the blades to flap. This
flapping is dependent on angular velocity of the rotor blades and the velocity of the Quadrotor. This
torque by velocity differences is given in equation [3.31]:

T, = —a[V' X (e3 (wpmg — OM2 + OM3 — le))], [3.31]

where alpha is a factor depending on the design of the rotor blades and wyy; the respective rotor
blade. This torque exists in the body of the quadrotor but due to the fact that the torques cancel each
other out (clockwise rotor blades and counter clockwise rotor blades) due to the symmetry of the
frame about the velocity factor in the x-, y, and z-plane, equation [3.31] can be neglected and the
former equations [3.26]-[3.28] and equation [3.30] is used.

This paragraph showed the derivation of the mathematical model of the Quadrotor by the Euler-
Lagrangian method. This derivation is done in a straight forward way and is extended with the forces
and moments due to the aerodynamic effects.

3.4 The dynamical model with thrust forces and aerodynamic forces/moments
In the former paragraphs the non-linear dynamical model of the Quadrotor is discussed. This model
uses a inertial frame fixed with the earth and a frame in the body of the Quadrotor. The derivation of
the model is derived in a straight forward way by using the Euler-Lagrangian method and represents
the movements of the body frame according to the inertial frame. As mentioned in paragraph 3.1 the
domain for () to prevent singularities is set by [—% <0< g].

The dynamical system is given in equation [3.32] on the next page and the definitions of the
parameters are listed in Table 3. This equation consists of ten rows representing the translational and
rotational motion of the Quadrotor with 6-DOF. This matrix is set by collecting the results of the former
subsections in paragraph 3.3. Hereby the non-linear dynamical model of the Quadrotor is derived.

X
. v
y 7
Z i(cos(lb) sin(0) cos(¢d) + sm(Y) sin($p))U; + %
G| |2 ma) sm®) cos(d) — cos() sm@)Uy + 22
(?) - -8+ é (cos(0) cos(d))U; + % [3.32]
; 6
v 6
n y
M(n)~* (ty — C(n 1))
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Table 3 Variables with the given definitions of the mathematical model of the Quadrotor

Variable Definition Variable Definition
XV, Z Velocities in the body frame U1,Us,Us,Us  Control inputs
XV, 7 Acceleration in the body frame Ay, Ay A, Aerodynamic disturbances
$,0, P pitch, rolling and yaw- angle around m Mass of the quadrotor
the principle axes of the body frame
¢,0,y  Angular velocities of the Quadrotor = g Gravitational constant
around the principle axes of the
body frame
! Angular accelerations of the

Quadrotor around the principle
axes of the body frame

The mathematical model in this chapter is derived by the Euler-Lagrangian method as mentioned
above. This model could also be derived in the Newton-Euler way, this gives the same result as given
in equation[3.32]. In this report the method by Newton-Euler is not discussed. As can be seen in
equation[3.33] taken from [12,17] the result is similar to the obtained mathematical model by the
Euler-Lagrangian method.

E=v [3.33]
mvV = Rg_Tr — mgE,
R =RQ

N=-O0xIQ+T

The model in equation[3.33] is not extended with the Coriolis-effect and the aerodynamic forces used
as in equation [3.32]. with & = [x y z]' the position of the Cog, v the velocity vector of the Quadrotor
along the principle axes, Rg, the third column of the rotation matrix, Tt the thrust force, Q the angular
velocities, | the inertia tensor, and t being the torques produced by the propellers aerodynamic drag
and the distance of the arm length of the Quadrotor. After the derivation of equation[3.33] the result
lead to the same expression as given in equation[3.32]

In this chapter the non-linear dynamical model of the Quadrotor is derived by the Euler-Lagrangian
method. The model given in equation[3.32] with 6-DOF and twelve non-linear dynamical equations
describes the behavior of the Quadrotor. The fact that the same result obtained by the Newton-Euler
method as in the Euler-Lagrangian method, gives reliance in the proceeding of this project.
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4 Linearization of the Quadrotor for
maintaining hovering

This chapter explains the linearization of the hovering Quadrotor. LTV-systems are systems where the
output of system differs explicitly on time and is used for e.g. non-linear systems to linearize around
a certain operating point, or to follow a certain (optimal) trajectory. An system can be linearized when
there is a “local”, linear model around an operating point. By using this structured method, the next
step to control the non-linear model of the Quadrotor can be done comparatively easy. The controlling
of the linearized model is discussed in chapter 5.

Before the discussion of the linearization of the hovering Quadrotor, the principles of the method for
linearization is discussed. To find the linearized system the following equation[4.1] should be derived.
In this equation the term Ax is the state transition, whit A being the matrix A e R™", derived of the
non-linear model with respect to variables, and x the difference between the initial values and the
reference point(s). The Term Bu is the input state, with B being the matrix B € R™™, the derived input
matrix that has to be controlled and u is the difference between the initial input value and the
reference value.

x = AAX + BAu. [4.1]

Equation[4.1] is the result of deriving the non-linear mathematical model of the Quadrotor into a
system x = f(x,u) into X = f(0,0) = 0. In order to describe this system to be zero, the following is
true[18,19]

X =%=f(xu) = f(X+x% i+ u") =& ). [4.2]

In equation[4.2] the symbols X and {i are the initial conditions and the symbols x* and u* are the
reference conditions. This equation is not in the proper state to work with, in order to be useful the
equation has to be derived into a Taylor expansion as shown in equation[4.3]

2 e e~ of o ~ of ro ~
X =x=f(&1) +55 (%, 0)Ax + o (%, 0)Au. [4.3]

As described the first term in equation [4.2] and [4.3] (f(0,0) = 0) is zero. The second term is called
the state transition form and becomes the A-matrix, and the third term is the input state that becomes
the B-matrix as shown in equation[4.1]. In reality the form that is given in equation[4.3], has some
higher order terms but for this matter there is only interest in first order terms, in other words, this
equation is called the Jacobian of X. The Jacobian is given in matrix form (matrix A and B) and shows
only the derivation of the first order. The Jacobian matrix used in equation [4.1] is given in
equation[4.4]

[ % . gy o o oG
|6 0%, 0xp |6u1 du, duy
T4 I P 4
|6 0%, 0Xn|AX+| u; odu, 6un|Au. [4.4]
0x, 0%, 0xp du; 0du, dup
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4.1 Linearized models of the Quadrotor

In this paragraph the linearization of the hovering Quadrotor is discussed. As first the non-linear model
in matrix form given in equation [3.32] is set in the form given in equation [4.2]. In the second part the
fixed points are determined to be able to let the Quadrotor hover. In the third and last part derivation
is applied for the state matrix A and the input matrix B in the following sections

e Dynamics of the system
e Fixed point for the hovering Quadrotor
e Linearization of the state matrix A and the input matrix B

Dynamics of the system

In chapter 3 the non-linear dynamical model of the Quadrotor is derived, with result given in
equation[3.32]. In order to translate this model of the body of the Quadrotor in the proper state, the
time derivatives has to be set equal to the correct entries of the vector x (observe that the x used here
is different than the x used for the position of the Quadrotor in x) and the vector U, namely: the state
vector and the input vector. This is given in equation[4.5] for the state matrix and the input matrix is
given in equation[4.6]

- X N Xl _ . _ X4 .
y X5 [ X X5
z X3 y X6
; 24 )Z( i(cos(tp) sin(0) cos(¢p) + sin(P) sin(p))U; + %
4 5
(T) U Sk=fxu) = yi_ i(sin(tp) sin(0) cos(¢p) — cos(P) sin(p))U; + % [4.5]
0 Z CTD —-g+ i (cos(0) cos(p))U, + %
q.J X9 0 *10
q) X10 U 211
0 X11 7 | 12
b s o M)~ (z, — Cn, ) _
Uy
U
U= Uz . [4.6]
Uy

From Equation[4.5] and [4.6], the matrices A and B from equation[4.1] can be derived. For the
Quadrotor to hover is the assumption made that the velocity of the Quadrotor is zero and therefore
no acceleration in the translational and rotational modes. In general the Ax and AU vectors of the
Quadrotor is as follows, see equation[4.7]
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_X_X*_
y—-y"
7z—7"
x—0
y—0 [Us — U]
z—0 U, - U3
Ax=|¢p -0} AU = U, — Uz | (4.7]
60 U, — U
¢ -0 4 4
¢—0
-0
e

Fixed point for the hovering Quadrotor
Equation[4.1] is found with the proper states and can be solved for the situation f(0,0) = 0, solving
for this solution (x1 up to x1, equal to zero) results in the system with the fixed points (x*, u*) for the
Quadrotor to hover. See equation[4.8]

U +A,
Uz Uy mg— A,
IXX
0= & |=0 > 82 = 8 = 0. [4.8]
IYY
v U, 0
IZZ

Linearization of the state matrix A and the input matrix B

The method used to derive the matrix A and B is done with the symbolic toolbox and the Jacobian
statement in the MatLab environment. As said in the beginning of this chapter the linearization is done
with the Jacobian matrix. Therefore the first order derivative is taken from the state and input matrix
given in equation [4.5]. The state matrix A € R'>*? and B € R*'2, The higher order terms of the
derivatives are not taken into account. For the state matrix A, the equations are derived with respect
to x; up to xi; and for the input matrix B the equations are derived with respect to U; up to Us. The
matrix A and B is given in equation[4.9] and [4.10] on the next page respectively. The MatLab code is
given in Appendix B.

0001000UO0TUO0GO0TU 00O
00001000TU0O0TU 00O
0000O0T100TU00O0TUO00O0

Ax_(AZ_mg)

0000000 0 - 000 0

00 00 0 0 Ayt+(A,—mg 0 0 0 0 0

A0 0 00 0 0 n . , 000 (4.9]
00 00O0O0OUOTU OT1T00
0000O0O0OUOTU OGOT1O0O0
0000O0O0OOUOTG 0GOTO 0 1
0000O0O0OOTOTU OGOTUO0O0
00 00O0O0OUOTU OGOTU 0O
00 00O0O0OUOTU OGOTU 00O
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-0 0 0 0 1
0000
0000
00 0
00 0 g
iooo

B=l0 0 00 [4.10]
0000
0000
olioo
o o L 9

Iny—
0 0 0 =i

4.2  Concluding remarks to the linearized model

In this chapter the linearized model for the Quadrotor is derived to be able to hover. First the principles
of the linearization is discussed followed up with determining the matrix that has to be derived to
obtain the linearized model. To do so, the fixed points are determined to be able for the Quadrotor to
hover. After the fixed points are known the linearization is conducted with results of the state matrix
A and the input matrix B. The derivation of the linearized model is done within the MatlLab
environment. The MatLab code is given in Appendix B. In [20] a slightly different linearization is given
as derived in this chapter because of the numerical solution. This gives reliance to start with controlling
the linearized model for the non-linear dynamical system of the Quadrotor in chapter 5.
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5 Controlling the Quadrotor for hovering

In this chapter the controlling of the linearized model as discussed in chapter 4 is discussed. It is
important to know as a first step if the linearized model as derived for the hovering case is controllable
or not. This is discussed in paragraph 5.1. After it is shown that the given system is completely
controllable the controller can be designed for the proper gains to use for stabilizing the linearized
model. This is discussed in paragraph 5.2 with determining the eigenvalues of the system and the pole-
placements.

5.1 Controllability of the linearized model

In order to develop a controller for strongly non-linear dynamical systems as a Quadrotor the non-
linear dynamical system need to be controllable. In the case the system is not controllable the
linearized model has to be changed in such a way, the system could be controllable. To check if the
linearized model is controllable whether or not, the controllability matrix E is used with the state
matrix A and input matrix B of the linearized model, see equation[5.1]

E = [BABA?B --- A" !B]. [5.1]

The two matrices A and B with twelve rows is derived in chapter 4 and can be placed in equation[5.1]
to check if the system is controllable or not. The system is said to be controllable if the controllability
matrix E is full rank.

The linearized model in chapter 4 is placed in the controllability matrix E with result that the matrix E
is full rank, with exceptions Ay — (A, —mg) = 0 and A, + (A, —mg) = 0. This means that the
derived system is completely controllable and therefore a controller can be developed. The
controllability is checked with the controllability statement within the MatLab environment, see
Appendix B for the code used in MatLab.

5.2 Linear controller for stabilizing the linearized model

In the preceding subparagraph the controllability matrix E shows the linearized model of the
Quadrotor that is controllable due to the full rank of Matrix E. Therefore it is possible to develop a
controller to stabilize the Quadrotor system. In order to stabilize the linearized system the x-vector
needs to go to zero which means the Quadrotor becomes stable and no oscillatory motion is visible,
therefore the initial value for x becomes equal to the reference value of x*.

To determine if the signal need to be enhanced or weakened, the input of the Quadrotor needs to be
multiplied by the scalar K that represents the gains for the Quadrotor system. The form is given in
equation[5.2].

U = —kx, > U= -k [5.2]

It is shown in chapter 3 that the Quadrotor has multiple inputs and multiple outputs (MIMO) therefore
the following steps must be taken to control the system[22]

Given (A,B) controllable A € R™, B € R™™ withm > 1

1) Find F e R™ and N’ e R™" such that (A+BN’ , BF) is controllable
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2) Apply single input pole placement on the system (A+BN’ , BF). This gives N” € R™" such that
(A+BN’)+(BF)N” the appropriate characteristic polynomial.

3) N=N+N”"

To determine the values for the gains, the eigenvalues of the linearized model should be determined
and a given polynomial where the poles has to lie in the plane. In order to be a ‘stable’ system the
eigenvalues(poles) should be lying in the left-half complex plane. The eigenvalues are calculated by
the determinant given in equation[5.3]. with the two matrices as shown in step 2 and K being the gain
scalar and a variable and solving for A with the determinant (det) equal to zero gives the proper values
for the gains one up to twelve (the gain matrix need to be equal to the same amount of entries of
matrix A).

det(Al — (A + BN’ — BFK)). [5.3]
The poles are chosen to lie at the following place
A+1D2=0 [5.4]

Solving equation [5.3] and [5.4] together result in the solution for the pole placement with the
determined gains and the stability of the Quadrotor. See the MatLab code given in Appendix B.

In order to be a stable system the rule of Lyapunov states[23], if the linearized system is strictly stable
(i.e., if all eigenvalues of A are strictly in the left-half complex plane), then the equilibrium point is
asymptotically stable (for the actual non-linear system). If it shown that the eigenvalues are present
in the left half plane then the gain matrix in combination with the linearized model can be put in to
the non-linear dynamical model by using equation[5.5]

U=U"—k(x—x"). [5.5]
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6 Conclusions and recommendations

Unmanned aerial vehicles are ‘small’ flying machines without the need of any pilot and is controlled
from the ground with the use of a controller with WIFI-connection and is mostly called, drone. In the
near future, drones will have to cooperate to accomplish certain tasks together. This asks for synchronization of
drones. Within this task the mathematical Program MatLab is used.

This report gives the non-linear dynamical model of the Quadrotor and a linearized model for the
Quadrotor for maintaining hovering. The model is set in such a way that it is ready to develop the
controller for the non-linear dynamical model. There are no simulation results, therefore the result of
the similarity between the non-linear-dynamical model derived in this report and the models used in
papers with similar research are reliable to proceed in future work.

The future work of this project is to determine the gains and the poles of the controller and check if
the system is stable whether or not. After the controller is developed, the implementation of the
controller into the dynamical model of the Quadrotor can be done and check with simulations if the
Quadrotor is not drifting away from its given position. If the simulation results proved to be correct,
the implementation of the Dynamical model into the Software development kit can be done. After the
implementation, the Quadrotor can fly with the given hovering maneuver.
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Appendix A

the derivation of moving/rotating frames in a 3D-plane

In chapter 3 of this report the derivation of the mathematical model is discussed of the AR Drone 2.0
what is called a Quadrotor drone. In order to understand the derivation of the model, in this appendix
the derivation is given for deriving the motion of a mass particle(P) that is shown in Figure A1 [7,8]. In
Figure A1 R is the position of the origin of the rotating frame according to the origin of the fixed frame,
and r’ and r are the position of the mass particle(p) according to the fixed frame and rotating frame
respectively. Omega(w) denotes the rotation of the system.

Figure A1 Motion of a particle P in a fixed and rotated
frame that are related to each other

The distance from the origin to the mass particle(p) in vector notation is given in equation[A.1]
r"=R+r [A.1]

In order to represent the position of the mass particle from the fixed frame into the rotating frame is
the time derivative of the vector r’ in the fixed frame taken what is equal to the time derivative of the
vector r in the rotating frame and the cross-product of the rotation of the system with vector r, see
equation [A.2]

(%)f = (%)r +wXr [A.2]

The mass particle is moving from its initial position and has therefore a rate of change with a certain
velocity according to the fixed frame. Due to the rate of change of the mass particle, there is a
derivation of the fixed- and rotating frame given in the following equation [A.3]

dr' dr
Vr = (E)f and Ur = (E)r [A.3]
Using equation[A.2] and taking the time derivative of equation[A.1] gives equation [A.4]

dR d
ve= )+ =V o toxr [A.4]
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. . . . .. dR .

With V as the translational velocity of the rotating frame origin (E)f' Now the velocity of the mass
particle is known, the same result can be achieved from the derivation of the velocity vector in order
to obtain the acceleration of the mass particle. This is given in equation[A.5]

dv,

g =D, and = (&), [A.5]

Using equation[A.4] and [A.5] results in the acceleration of mass particle from the fixed frame origin

dv,
af—( )f‘l‘( )f+(dt)fxr+wx( )f [A.6]
ar=At+a,+odXr+wX(WX7r)+2wXv, +a,

. . . . . od . .
With A the translational acceleration of the rotating frame origin (d_:)f' and 2w X v, is the Coriolis

term of the equation. It represents the difference between the acceleration of the path the system
describes and point p [7,8].
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Appendix B

This appendix gives the MatLab script that is used to determine the linearized and controllability of
the Quadrotor drone. This MatLab script is used for the chapters 4 and 5 of this report.

MatLab script for the linearized model

clc,clear, close all

syms X 1 x 2 x 3 x4 x5 x6x7x8x9x10x11 x12mg I xx I yy I zz
AxAyAzulu2u3udédkifktlomega 1 omega 2 omega 3 omega 4 kl k2
k3 k4 k5 k6 k7 k8 k9 k10 k11l k12 lambda

fl=x 4;

f2=x 5;

f3=x_6;

f4=(1/m) * (cos (x_9) *sin(x_8)*cos(x_7)+sin(x 9)*sin(x 7)) *u 1+ ((A x/m)*sin(x_
8)) 7

£5=(1/m) * (sin(x_9) *sin(x_8) *cos(x_7) -
cos(x_9)*sin(x_7))*u 1+ ((A_y/m)*sin(x_7)*cos(x _8));

f6=-g+(1/m) * (cos (x_8)*cos(x_7))*u 1+ ((A _z/m)*cos(x_7)*cos(x _8));

£7=x_10;

f8=x 11;

f9=x 12;

£10=((u_2 + x 11*(I xx*x 12*cos(x_8) - (I vy -
I zz)*(x 12*cos(x 8)*sin(x _7)"2 + x 1ll*cos(x 7)*sin(x 7)) +
X 12*cos(x_7)"2*cos(x_8)* (I _yy - I zz)) +
x 1272*cos(x_7)*cos(x_8)"2*sin(x_7)*(I_yy -
I zz))*(I_yy*I zz*cos(x 7)"4*cos(x 8)"2 + I xx*I yy*cos(x 7)"2*sin(x _8)"2 +
I yy*I zz*cos(x 8)"2*sin(x _7)"4 + I xx*I zz*sin(x 7)"2*sin(x_8)"2 +
2*I_yy*I_zz*cos(X_7)A2*cos(x_8)A2*sin(x_7)A2))/(I_xx*I_yy*I_zz*cos(X_7)A4*c
os(x_8)"2 + I xx*I yy*I zz*cos(x_8)"2*sin(x_7)"4 +
2*T xx*I yy*I zz*cos(x_7)"2*cos(x _8)"2*sin(x_7)"2) +
(sin(x_8)* (I yy*cos(x 7)"2 + I zz*sin(x _7)72)*(u_4 +
x 10* (I xx*x 1l*cos(x 8) - x 12*cos(x _7)*cos(x_8)"2*sin(x 7)*(I yy - I zz))
- x 12* (I _xx*x 1l*cos(x_8)*sin(x_8) -
I zz*x 1l*cos(x_7)"2*cos(x_8)*sin(x_8) +
x 10*cos(x_7)*cos(x_8)"2*sin(x_7)* (I _yy - I zz) -
I yy*x 1l*cos(x _8)*sin(x_7)"2*sin(x_8)) + x 11*((I_yy -
I zz)*(x 10*cos(x 8)*sin(x 7)"2 + x 1ll*cos(x 7)*sin(x _8)*sin(x_7)) -
x 10*cos(x _7)"2*cos(x 8)*(I yy - I zz) - I xx*x 12*cos(x_8)*sin(x_8) +
I zz*x 12*cos(x_7)"2*cos(x_8)*sin(x_8) +

I yy*x 12*cos(x_8)*sin(x 7)"2*sin(x _8))))/(I_yy*I zz*cos(x_7)"4*cos(x_8)"2

+ I yy*I zz*cos(x 8)"2*sin(x_7)"4 +
2*I yy*I zz*cos(x_7)"2*cos(x_8)"2*sin(x_7)"2) -
(cos(x_7)*sin(x_7)*sin(x_8)* (I yy - I zz)*(u 3 -
x 12*(I zz*x 12*cos(x_7)"2*cos(x_8)*sin(x 8) - I xx*x 1l2*cos(x_8)*sin(x_8)
+ I yy*x 12*cos(x_8)*sin(x 7)"2*sin(x 8)) - x 10*(I xx*x 12*cos(x_8) - (I_yy
- I zz)*(x 12*cos(x_8)*sin(x_7)"2 + x 1l*cos(x_7)*sin(x_7)) +

x 1l2*cos(x_7)"2*cos(x 8)*(I yy - I zz)) + x 10*x 1l*cos(x 7)*sin(x_7)*(I _yy
- I_zz)))/(I_yy*I_zz*cos(x_8)*sin(x_7)A4 + I yy*I zz*cos(x_7)"4*cos(x_8) +
2*1 yy*I zz*cos(x _7)"2*cos(x_8)*sin(x_7)"2);

f11=((I_zz*cos(x_7)"2 + I yy*sin(x 7)72)* (u_3 -
x 12* (I _zz*x 12*cos(x_7)"2*cos(x_8)*sin(x_8) - I xx*x 1l2*cos(x_8)*sin(x_8)
+ I yy*x 12*cos(x_8)*sin(x_7)"2*sin(x_8)) - x 10*(I xx*x 12*cos(x_8) - (I_yy
- I zz)*(x 12*cos(x_8)*sin(x_7)"2 + x 1l*cos(x_7)*sin(x_7)) +

x 12*cos(x_7)"2*cos(x 8)*(I yy - I zz)) + x 10*x 1ll*cos(x_7)*sin(x_7)*(I yy
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- I zz)))/ (I _yy*I zz*cos(x 7)"4 + I yy*I zz*sin(x_7)"4 +

2*I yy*I zz*cos(x_7)"2*sin(x_7)"2) - (cos(x_7)*sin(x 7)*(I_yy - I zz)*(u 4
+ x 10* (I _xx*x 1l*cos(x_8) - x 12*cos(x_7)*cos(x _8)"2*sin(x _7)*(I_yy -
I zz)) - x 12* (I xx*x 1l*cos(x 8)*sin(x_8) -
I zz*x 1l*cos(x_7)"2*cos(x_8)*sin(x_8) +
x 10*cos(x_7)*cos(x_8)"2*sin(x_7)* (I _yy - I zz) -
I yy*x 1l*cos(x _8)*sin(x_7)"2*sin(x_8)) + x 11*((I_yy -
I zz)*(x 10*cos(x 8)*sin(x 7)"2 + x 1l*cos(x 7)*sin(x 8)*sin(x_7)) -
x_lO*cos(x_7)A2*cos(x_8)*(I_yy - I zz) - I xx*x 12*cos(x 8)*sin(x 8) +
I zz*x 12*cos(x_7)"2*cos(x_8)*sin(x_8) +
I_yy*x_lZ*cos(x 8)*sin(x_7)"2*sin(x _8))))/(I_yy*I zz*cos(x_8)*sin(x_7)"4 +
I yy*I zz*cos(x _7)"4*cos(x _8) + 2*I yy*I zz*cos(x 7)"2*cos(x_8)*sin(x_7)"2)
- (cos(x 7)*sin(x _7)*sin(x 8)*(I yy - I zz)*(u 2 + x 11*(I xx*x 1l2*cos(x_8)
- (I yy - I zz)*(x 12*cos(x 8)*sin(x 7)"2 + x 1ll*cos(x 7)*sin(x 7)) +
x 1l2*cos(x_7)"2*cos(x_8)*(I_yy - I zz)) +

x 1272*cos(x_7)*cos(x_8)"2*sin(x_7)*(I_yy
I zz)))/ (I _yy*I zz*cos(x 8)*sin(x _7)"4 + I yy*I zz*cos
2*I yy*I zz*cos(x_7)"2*cos(x_8)*sin(x 7)"2);

(x_7)

~4*cos (x_8)

+

£f12=((I_yy*cos(x _7)"2 + I zz*sin(x 7)"2)*(u_ 4 + x 10*(I xx*x 1ll*cos(x_8) -
I zz)) -

x 12*cos(x_7)*cos(x_8)"2*sin(x_7)* (I _yy -

x 12* (I xx*x 1l*cos(x 8)*sin(x 8) - I zz*x ll*cos(x 7)"2*cos(x_8)*sin(x_8)
+ x 10*cos(x_7)*cos(x_8)"2*sin(x_7)* (I _yy - I zz) -
I yy*x 1l*cos(x _8)*sin(x_7)"2*sin(x_8)) + x 11*((I_yy -
I zz)*(x 10*cos(x 8)*sin(x _7)"2 + x 1l*cos(x 7)*sin(x_8)*sin(x_7)) -
x 10*cos(x_7)"2*cos(x 8)*(I yy - I zz) - I xx*x 12*cos(x_8)*sin(x_8) +

I zz*x 12*cos(x_7)"2*cos(x_8)*sin(x_8)
I yy*x 12*cos(x_8)*sin(x_7)"2*sin(x _8))))/(I_yy*I zz*cos
+ I yy*I zz*cos(x _8)"2*sin(x_7)"4

2*I yy*I zz*cos(x_7)"2*cos(x_8)"2*sin(x_7)"2) + (sin(x_
+ I zz*sin(x_7)"2)*(u_ 2 + x 11* (I _xx*x 12*cos(x_8)
I zz)*(x 12*cos(x 8)*sin(x_7)"2 + x 1ll*cos(x_7)

(x_T7)

~4*cos (x_8)"2

+

8)* (I _yy*cos(x_7)"2

x 1l2*cos(x_7)"2*cos(x_8)*(I_yy - I zz))

x 1272*cos(x_7)*cos(x_8)"2*sin(x_7)* (I _yy

*sin(x_7))

(I_yy -
4
+

I:zz)))/(I_yy*I_zz*cos(x_7)A4*cos(x_8)A2 + I yy*I zz*cos(x 8)"2*sin(x 7)"4

+ 2*I _yy*I zz*cos(x_7)"2*cos(x_8)"2*sin(x_7)"2) - (cos(x_
I zz)*(u 3 - X 12*(I zz*x 12*cos(x_7)"2*cos(x_

7)*sin(x_7)*(I_yy -
8) *sin(x_8) -

I xx*x 12*cos(x_8)*sin(x_8) + I yy*x 12*cos(x _8)*sin(x_7)"2*sin(x_8)) -
x 10* (I _xx*x 12*cos(x_8) - (I vy - I zz)*(x 12*cos(x 8)*sin(x 7)"2 +
x_ll*cos(x_7) sin(x_ 7)) + x 12*cos(x_7)"2*cos(x_8)* (I yy I zz)) +
x 10*x 1l*cos(x _7)*sin(x_7)*(I_yy - I_zz)))/(I_yy*I_zz*cos(x_S)*sin(x_7)A4
+ I yy*I zz*cos(x_7)"4*cos(x_8) +

2*I yy*I zz*cos(x_7)"2*cos(x_8)*sin(x _7)"2);

u 1 fixed point=m*g-

(k_f*((omega_ 1) "2+ (omega 2) "2+ (omega_ 3) "2+ (omega_ 4)"2));
u 2 fixed point=k f* ((omega 3)"2-(omega 1)"2)*

u 3 fixed point=k f*((omega 4)"2-(omega 2)"2)*1;

u 4 fixed point=k f*k t*((omega 1)"2-(omega_ 2)"2+(omega_ 3)"2-(omega 4)"2);

u=solve(u 1 fixed point==0, u 2 fixed point==0,
u 4 fixed point==0, omega 1, omega 2, omega 3, omega 4);

u=[u.omega 1 u.omega 2 u.omega 3 u.omega 4];

A=jacobian([fl ;f2 ;£f3 ;£f4 ;f5 ;f6 ;£f7 ;£8 ;£f9 ;£f10 ;fll
x 4 x 5x 6x 7 x8x9x10x 11 x 12])

u 3 fixed point==0,

;£127,

[x 1 x 2 x 3
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B=jacobian([fl ;f2 ;£f3 ;f4 ;£f5 ;fe6 ;£f7 ;£8 ;£f9 ;£f10 ;£f11 ;£f12],[u 1 u 2 u 3
u 4]);

zz=0.0084;
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E=rank (ctrb (A,B))

o°

load ('Nprime') ;
load('K");

o°

Nprime=rand(4,12)*0.01
K=rand(4,1)*0.01

A new=A+ (B*Nprime)
B _new=B*K

Z=ctrb (A new,B new)
G=rank (2)

K gain=[kl k2 k3 k4 k5 k6 k7 k8 k9 kl0 kll kl1l2]

Lambda matrix=lambda*eye (12,12)
System matrix=A new- (B new*K gain)
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Q=det (Lambda matrix-System matrix)
P=expand ( (lambda+1)"12)

o

maxiterations = 100000;
maxvalue = 1000;
ii = 0;
while true
ii = 11 + 1;
disp(['iteration ' num2str(ii)]);
K = maxvalue*rand(4,1) - (maxvalue/2)*ones(4,1);
N = maxvalue*rand(4,12) - (maxvalue/2) *ones (4,12) ;
E = A + B*N_;
G = B*K;
testl = rank(ctrb(E,G));
ranks (11i) = testl;
if testl == 12
disp('solution found :');
BE
G
break;
elseif 1i >= maxiterations
disp('loop terminated, no solution found')
disp(['maximum rank found : ' num2str (max(ranks))]);
break;
end
end

o° A A 0 o O° A° O A° A° A A O° O° O O° O A° Ad° o° e
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Appendix C

Software development kit of the AR. Drone 2.0

In this appendix the software development kit (SDK) for implementing the derived model as discussed
in chapter 3 is discussed. In the first paragraph the description of the SDK is discussed and gives the
meaning what can be done with the SDK. In the second paragraph the implementation of the
dynamical of the Quadrotor system for hovering is discussed.

B.1  Description of the software development kit

The SDK is the environment to develop your own embedded code to control the Quadrotor drone.
The Quadrotor drone is controlled by use of a controller with WIFI-connection and therefore a router
on the ground. The Quadrotor system can measure around three degrees of freedom by use of a
magnetometer on every axis and a pressure sensor to measure altitude on every height. In order to
program your own embedded code you have to choose on what platform you want to program. The
Quadrotor supports Linux, Apple, Android, and Windows. An important note for programing your own
code is that the SDK not support rewriting your own embedded software and no direct access to the
Quadrotor hardware (sensors/engines) is allowed.

The input of the Quadrotor that is given, should be in the following domain € [-1,0 ; 1,0] and has to
implemented as floating point numbers. The input that can be controlled by the user are the following

e The vertical speed
e Phi-angle

e Theta-angle

e Psi-angle

In order to allow the user to choose between smooth or dynamic moves, the arguments of this
features are not directly the control parameters values, but a percentage of the maximum
corresponding values as set in the drone parameters. In the follow table B.1 are the most important
configuration parameters listed that can be configured before putting the Quadrotor into practice.

Table 4 Configuration parameters of the Quadrotor drone

Max_euler_angle Outdor Indoor/outdoor_control_v,max
Max_altitude Flight without shell Indoor/outdoor_control_yaw
Min_altitude Autonomous flight Flying_mode

V.max [mm/s] Manual_trim Hovering_range

Control_yaw [rad/s] | Indoor/outdoor_euler_angle_max | Flight_anim

On the following page is the Drone altitude viewer given that shows the Quadrotor during its operation
in the sky. This viewer gives you the information for the rotational angles around its principle axes and
the direction of heading. In this viewer you can give the Quadrotor reference values to allow the
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Quadrotor to rotate to a given value. Next to insert the reference values is the possibility there to
insert values for the gains to control the rate, cocarde, altitude and fixed point respectively.

Figure B1 Drone altitude viewer for watching/changing parameters during flight modes
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